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ABSTRACT OF THE DISSERTATION 



The Bessel-Plancherel theorem and appUcations 

by 
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Professor Nolan Wallach, Chair 

Let G be a simple Lie Group with finite center, and let K C G be a maximal 
compact subgroup. We say that G is a Lie group of tube type if G/X is a her- 
mitian symmetric space of tube type. For such a Lie group G, we can find a 
parabolic subgroup P — MAN, with given Langlands decomposition, such that N 
is abelian, and N admits a generic character with compact stabilizer. We will call 
any parabolic subgroup P satisfying this properties a Siegel parabolic. 

Let (tt, V) be an admissible, smooth, Frechet representation of a Lie group of 
tube type G, and let P C G be a Siegel parabolic subgroup. If % is a generic 
character of iV, let Wh-^iV) = {\ : V — > C | \{'K{n)v) = } be the space 

of Bessel models of V. After describing the classification of all the simple Lie 
groups of tube type, we will give a characterization of the space of Bessel models 
of an induced representation. As a corollary of this characterization we obtain 
a local multiplicity one theorem for the space of Bessel models of an irreducible 
representation of G. 

As an application of this results we calculate the Bessel-Plancherel measure of a 
Lie group of tube type, L'^{N\G; x), where x is a generic character of N. Then we 
use Howe's theory of dual pairs to show that the Plancherel measure of the space 
L^(0(p — r, q — s)\0{p, q)) is the puUback, under the lift, of the Bessel-Plancherel 
measure L'^{N\Sp{'m,M.);x), where m — r + s and x is a generic character that 
depends on r and s. 
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Introduction 



In the classical theory of modular forms, there is a construction that associates 
to every cusp form / on the upper half plane 1-L an L-function 

ra>0 

This L-function is related to other objects of interest in number theory, like elliptic 
curves over number fields, and its study is of critical importance in a wide range of 
applications. The L function /) can also be constructed using a representation 
theoretic point of view, by considering the space of Whittaker models of a discrete 
series representation of 5*^(2, M), associated with the modular form /. If we also 
include Mass forms, then we can extend this construction to include all types of 
representations of SL{2, M). This point of view has been incredibly successful and 
has given rise to an intricate and beautiful theory of L-functions associated to 
automorphic representations of GL{n). 

Unfortunately, this theory has not been as successful with other groups like 
GSp{n). Part of the problem is that not all automorphic representations of GSp{n) 
admit a Whittaker model. In [21] Siegel developed a technique, analogous to the 
theory of modular forms, to construct L-functions associated with holomorphic 
representations of Sp{n, M) [25]. In this construction, the space of Whittaker mod- 
els is replaced by the space of generalized Bessel models 

Wh^{V) = {A : ^ C I X{7r{n)v) = x(n)A(f ), for all n G A^}, 

where P = MAN is a Siegel parabolic subgroup of Sp{n, M), with given Langlands 
decomposition, and x is a generic character of A^, i.e., the P-orbit of x on iV is 
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open. This construction has been adapted by Novodvorsky and Piatetski-Shapiro 
[15) to construct L-functions associated to automorphic representations of GSp{4:). 

The study of the space of generahzed Bessel models is the subject of the first 
chapter of this thesis. In order to describe the results obtained in that chapter we 
need to introduce a little bit of notation. Let G be a simple Lie group with finite 
center, and let be a maximal compact subgroup. We say that G is a Lie group 
of tube type if K\G is a Hermitian symmetric space of tube type. In section 11.21 
we use the correspondence between Euclidean simple Jordan algebras over M and 
simple Hermitian symmetric spaces of tube type to describe a classification of the 
simple Lie groups of tube type. As a consequence of this classification we have the 
following proposition. 

Proposition 0.0.1. If G is a Lie group of tube type, then 

1. There exists a parabolic subgroup P = MAN, with given Langlands decom- 
position, such that N is abelian. 

2. There exists a unitary character x on N, such that its stabilizer in M, 

= {m G M I x(m~^r;,m) = xii^-) ^ 

is compact. 

If P C G is a parabolic subgroup satisfying 1 and 2, then we say that P is a 
Siegel parabolic subgroup. 

Let G be a Lie group of tube type, and let P = MAN be a Siegel parabolic sub- 
group, with given Langlands decomposition. Let (a, Va) be an admissible, smooth, 
Frechet representation of M, and let z/ G (o = Lie{A)). Define 

/ is smooth and f{namk) = a'^~Pa{m)f{k) 
for all n G iV, a G A and m & M 

Here p is half the sum of the roots associated to the p-pair (P, A) |23J , and P 
MAN is the parabolic opposite to P. If we set {TT{g)f){x) = f{xg), for all f & 
X, g ^ G, then (vr, /^^) defines and admissible, smooth, Frechet representation of 
G. Let 

Wh^il^^) = {X : C I X{n ■ f) = x{n)X{f), for all n e N} 



I°°=U:G—^V^ 



OO 
U1 
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be the space of generalized Bessel models for a generic character x G A^. This 
space has been subject of careful study during recent years. In the real case the 
more general results can be found in [22j, where a multiplicity one result is proved 
in the case where P = MAN is a very nice parabolic subgroup [26], and [a, V^) 
is finite dimensional representation of M. In this context multiplicity one means 
that 

dim Wh^{I^^) = dim V;. (0.1) 

In 2007 Dipendra Prasad asked if a similar result was true in the case where 
(o", Vo-) is an admissible, smooth, Frechet, moderate growth representation of M. 
In this case the statement about dimensions in equation (10. II) has to be replaced 
by an M^-intertwiner isomorphism between and Wh^{I^j^), where 

= {m G M I x(mnm~^) = x(^)) foi' all ^ ^ 

Let Icr be the representation smoothly induced from Km = KHM to K. Given 
/ G define 

fy{namk) = a'^~^a{m)f{k). 

The map f ^ fy defines a K-equivariant linear isomorphism from to J^^^. 
Consider the integrals 

J N 

These integrals are called generalized Jacquet integrals and converge absolutely and 
uniformly on compacta for Rez/ ^ [22j. Let /i G and define 7^(z^) = fio J^^ 
Observe that if Rez/ ^ then 7^ defines a weakly holomorphic map into (Z^)'. 

Theorem 0.0.2. Assume that is compact. 

i) 7^ extends to a weakly holomorphic map from to (I^)' 

a) Given v G o'j- define 

A,(/.) = 7»(/), /G/r- 

Then G Wh^{I^^) and the map i-> defines an M^-equivariant iso- 
morphism between and Wh^{I^j^). 
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When is not compact, the above theorem as it is stated is false. This is 
mainly due to the fact that the orbits of the symmetric space X := M^\M under 
the action of a minimal parabolic subgroup of M are much more complicated 
than in the case where is compact |14] . However something can still be said 
about Wh^{I^^). Assume that the center of is compact, and let (r, Vr) be an 
irreducible, admissible, tempered, infinite dimensional representation of My. As in 
the case were is compact, define 7^(z/) = fio J^^ and observe that if Re z/ ^ 
then 7^ defines a weakly holomorphic map into Hom{I^, Vr). Let 

) = {A : 4°:; K I A(7r(mn)/) = xHr(m)A(/), Vm e M^, n e N}. 

Theorem 0.0.3. With assumptions as above. 

i) 7^ extends to a weakly holomorphic map from a'^ to Hom{I^, Vr). 
a) Given v G define 

A,(/.) = 7»(/), /G/r- 

Then A^ G Wh^riJ'^i) '^'^d the map /i k-)- A^ defines a linear isomorphism 
between HoniM^iVa, Vr) and Whj^^r{I^u) ■ 

We will now describe an application of the results given so far. Let 



L\N\G;x) = <f--G 



f{ng) = x{n)f{g) and 
j^^a\f^9)?dNg<^ 



We will call this the space of generalized Bessel functions. Observe that there is a 
natural action of x G on this space with G acting on the right, and acting 
on the left. In chapter [2] we compute the "Bessel-Plancherel" measure, i.e., the 
spectral decomposition of the space of generalized Bessel functions with respect to 
this action. The calculations are based on the work of Wallach described in [2^ 
and depend on theorem 10.0.21 and 10.0.31 The main result of that chapter is: 



Theorem 0.0.4. Let G be a Lie group of tube type, and let P = MAN be a Siegel 
parabolic subgroup of G, with given Langlands decomposition. Let x be a generic 
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unitary character of N, and let be its stabilizer in M. Then the spectral 
decomposition of L?{N\G\x)! with respect to the action of x G, is given by 



where W^^r is some multiplicity space, n is the usual Plancherel measure of G, 
and V is the Plancherel measure of M^. Furthermore, if is compact, then 
W^^T-(7r) = Wh^^rij^^ is finite dimensional. 

Given an irreducible unitary representation (tTjHt^), let {tt*,H*) be the associ- 
ated contragradient representation. Then, in chapter [21 we also have the following 
theorem 

Theorem 0.0.5. Let G be a Lie group of tube type, and let P = MAN be a Siegel 
parabolic subgroup with given Langlands decomposition. Let Q be the set of open 
P-orbits in N. If x is a generic character of N, let be its associated P-orbit 
in N. Then, for ^-almost all irreducible tempered representations (vr, K-) of G, 



Here the spaces lV^^^(7r) are the same as the ones appearing in the spectral decom- 
position of L'^{N\G; x) ■ 

Let G be a reductive group and let X be a G-spherical variety. In [20] Sakel- 
laridis and Venkatesh give a conjecture describing the spectral decomposition of 
L^{X) in terms of the representation theory of another group. This conjecture 
generalizes the results of Harish-Chandra for and of Delorme, Schlichtkrull 

and Van Den Ban for L^(X), where X is a symmetric space [31 HI [5l [6]. More 
precisely the Sakellaridis- Venkatesh conjecture postulates the existence of a group 
Gx and a correspondence 





e : G 



X 



G, 



between the unitary duals of Gx and G, such that 
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where /i is the Plancherel measure of Gx, and m(7r) is some multiphcity space 
whose dimension is finite, and typically < 1. If X satisfies some technical hypoth- 
esis, then the group Gx has the property that its dual group is Gx, the dual group 
associated to X by Gaitsgory and Nadler [7], and hence the conjecture fits nicely 
into the setting of a proposed "relative Langlands program" (19j . 

Using the theory of dual pairs of the oscillator representation to construct 
the map G, Howe [9], parameterized the spectral decompositions of the space 
L^{0{p—1, q)\0{p, q)) in terms of the unitary dual of SL(2, M). Following the same 
ideas it's possible to obtain examples in the spirit of the Sakellaridis-Venkatesh 
conjecture, but that lie beyond the spherical variety case. For example, consider 
the dual pair {Sp{m,'R) x 0{p,q)) C Sp{mn,M.), p + q = n, and assume that 
p > q > m. The last condition states that we are in the stable case. To simplify the 
exposition, assume also that n is even (the n odd case is very similar, but involves 
a double cover of ^^(m, R)). Let P = MAN be the Siegel parabolic subgroup of 
Sp{m,'R), with given Langlands decomposition, and let Xr,s, r + s = m, he the 
character of given by 



Xr 



X(tr J^,,X), 



where 



and X is some fixed nontrivial unitary character of M. Let 
L\N\Sp{m,R)-Xr,s) = < / : 5p(m,R) ^ C 



f{ng) = XT,s{n)f{g) and 
!N\Sr,(mM^f(9)? dNg <oo 



lN\Sp(m,] 

Observe that MA = GL(m, R) in a natural way, and M^^^ = 0{r,s). In this 
setting theorem 10.0.41 says that 



L\N\Sp{m,R)-Xr,s 



W- 



Xr,s,r 



[n) ®T* ^ndri{T)dfi{n), (0.2) 



'Sp{m,R)^ JO{r,s)^ 

where rj is the Plancherel measure of 0{r,s) and fi is the Plancherel measure of 
Sp{m,M.). Moreover, by theorem I0.0.5[ we have that for /^-almost all tempered 
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representation tt of Sp{m, M) 

^1p= / W^^^^A^)®lnd^^,^,^^T*x%dv{r). (0.3) 

On the other hand, Howe showed that in the stable range the Oscillator represen- 
tation L^(]R™'")) of Sp{mn, M) decomposes in the following way when restricted 
to Sp{m,R) X 0{p,q): 

L2(M'"")^/" n(g)ei7r)dfi{n). (0.4) 

Jsp{m,R)^ 

where /i is the Plancherel measure of Sp{m,M.) and 0(7r) is a representation of 
0{p, q) called the 6-lift of vr. A lot of work has been done to describe the explicit 
0-correspondence, and in the stable range this correspondence can be described 
using the work of Jian-Shu Li [.12] among others. Using equations (10. 2p . (10. 3p . (10. 4p 
and the explicit formulas for the action of {Sp{m^M) x 0{p,q)) on L^(R'"") given 
in [H [iTl [iHl [16] we obtain the following description of L'^{0{p ~ r,q — s)\0{p, q)) 

Theorem 0.0.6. ^45 an 0{r,s) x 0{p,q) -module with 0{r,s) acting on the left, 
and 0{p,q) acting on the right 

L\0{p -r,q- s)\0{p, g)) - / / W^x,-..,r(^) ® ^* ® ©(^l Mr) d^i^) 

where rj and fi are the Plancherel measures of 0{r,s) and S'p(m,]R) respectively, 
and ,-(7r) are the multiplicity spaces appearing in equation /10.3\) . 

Observe that when m = 1 we regain Howe's result [9]. Also observe that in 
this case the decomposition given in equation (10. 2p is contained in Wallach's work 
on the Plancherel- Whittaker measure for minimal parabolic subgroups [24j . 



Chapter 1 

Bessel models for representations of 
Lie groups of tube type 

1.1 Siegel modular forms on the upper half plane 

Let = {z = X + iy E C\y > 0} denote the complex upper half plane. For 
each integer > 0, we will consider the space of holomorphic functions / : H — > C 
such that 

/(^) =(c. + ^)V(^), (1.1) 

for all integers a, b, c, d, such that ad — be = 1. Observe that this condition implies 
that f{z + 1) = f{z), for all 2; G "H, and hence we have a Fourier series expansion 

f{z) = Y,a^q^ (1.2) 

where q = e^'^*^. We say that / is a modular form of weight k, if a„ = for all 
n < 0. If, in addition to this conditions, we have that = 0, then we say that / 
is a eusp form. 

Given a cusp form / of weight k, we can define a Dirichlet series 

n>0 

where the the Fourier coefficients appearing in the expansion of / (11. 2p . 

Observe that this Dirichlet series defines a holomorphic function for Res ^ 0. 
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Moreover, it can be shown that L{s, /) has meromorphic continuation to all of 
C, and that it satisfies a functional equation. The L-functions constructed this 
way are related to other objects of interest in number theory, like elliptic curves 
over the rational numbers via the modularity theorem, and its study is of central 
importance in a wide range of applications. 

The numbers a„, appearing in this construction, have a beautiful representation 
theoretic interpretation, that we will now describe. Given a holomorphic function 
/ on Ti, and an element g G SL{2, M), define 



{f\,g){z) = {cz + dr''f 



az + b 
cz + d 



9 



a b 
c d 



This equation defines a right action of SL{2, M) on the space of holomorphic func- 
tions on Ti. Given a modular form / of weight k, define a function (p on SL{2,M.) 
by 

<P{g) = {f\k9m- 

It is then clear, using equation (11. ip . that (p G C°^(r\S'L(2, M)), where F = 
SL{2, Z). Furthermore it can be shown that if 



cos 6 sin 6 
— sin 6 cos 6 



G 50(2), 



then 



<P{gk{d)) = e^''<p{g). 



Let U{q) be the universal enveloping algebra of g = Lie{SL{2,M.)), and set Vk = 
U{g)(f). Then, it can be shown that Vk is isomorphic to the space of 5*0(2, M)-finite 
vectors of a discrete series representation (vr, H) of SL{2, M), with lowest weight k. 
Let V = H°° be the space of smooth vectors of H. Then for each n G Z there is a 



natural choice of a linear functional A„ : V 



such that 



1 X 
1 



2ninx 



This family of linear functionals has the property that A„(0) = a„ for all n G Z. 
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The theory of Maass forms extends this theory to include all types of unitary 
representations of SL{2,'R). The analogous functionals A„ are called, following 
Jacquet, Whittaker functionals corresponding to the unitary character Xn of N 
given by 

1 X 



Xr 



1 



^2ninx 



We will now move to the Siegel upper half plane, Tim, consisting of elements 
Z = X + iY with X and Y symmetric m x m matrices over R and Y positive 
definite. Let G = Sp{m, M) realized as the set of 2m x 2m matrices with block 
form 

" A B 

C D 
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with A, B,C, D, m X m matrices such that if 



J 



/ 
-/ 



with I the m X m identity matrix, then 



gJg 



T 



J. 



Observe that we can define an action of G on T-tm by "linear fractional transforma- 
tions" 

g-Z = {AZ + B){CZ + D)-\ 

In this case CL. Siegel [2T] considered subgroups F of finite index in Gz = Sp{m, Z), 
and holomorphic functions / on Hm, such that (with g in block form as above) 

f{gZ) = det {CZ + Dff{Z), 

for (yf G r and a growth condition at oo. As above one has the subgroup 
consisting of the elements of the form 



n{L) 



I L 
/ 
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with L eLnmxm symmetric matrix over M. Observe that Fn contains a subgroup 
of finite index in = Gz H N. We will assume, just as we did in the classical 
case, that F n A'" is actually equal to Nz- Then, 

fiZ + L) = fiZ) 

for L an m X m symmetric matrix with entries in Z. We can thus expand this 
Siegel modular form in a Fourier series. 

where the sum runs over the m x m symmetric matrices S over Z. One finds that 
if 05 7^ then S must be positive semi-definite. 

Once again this coefficients have a beautiful representation theoretic interpre- 
tation. We can consider 

XsHX)) ^ e'-'^^^'''\ 

with S a symmetric m x m matrix over M. Let M be the image of GL{m, M) in G 
via the embedding 



Then P — MN is the Siegel parabohc subgroup of G, and we have an action of 
M on N (and hence in its space of characters N) by conjugation. One finds that 
if a character is generic (that is, the M-orbit in the character group is open) then 
the character must be given by with det S 0. The stabilizer of the character 
is compact if, only if, S is positive or negative definite. If (tt, Kr) is an irreducible 
representation of Sp{'m,'M.), we will set 

Wh^^iV^) = {A : K ^ C I X{n{L)v) = xs{n{L))X{v)}. 

If the stabilizer of the character xs is compact, we will call any element A e 
Wh^g{VT^) a Bessel model. If xs is just a generic character, then we will call 
any A e l^/i^g(T4) a generalized Bessel model. One can show (c.f. W[5]) that 
the only such models for holomorphic (resp. antiholomorphic) representations are 
those corresponding to positive definite (resp. negative definite) such S. Thus 
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the only generic characters that can appear if we consider holomorphic or anti- 
holomorphic Siegel modular forms are the ones with compact stabilizer, and the 
relevant space here is the space of Bessel models of holomorphic or antiholomorphic 
representations of G. As in the case of S'L(2,E) (m — 1) this theory can be 
extended to include other types of representation of 5'p(m,]R). In this case we 
need to broaden or scope to include the space of generahzed Bessel models for a 
generic character xs- 

1.2 Classification of Lie groups of tube type and 
its generalized Bessel characters 

Let G be a connected simple Lie group with finite center and let X be a max- 
imal compact subgroup. We assume that G/K is Hermitian symmetric of tube 
type. This can be interpreted as follows. There exists a group homomorphism, 0, 
of a finite covering, S of PSL{2,M^) into G such that if = (f){S) then H (1 K is 
the center of K. We take a standard basis h, e, / of Lie{H) over M with the stan- 
dard TDS (three dimensional simple) commutation relations ([e, /] = h,[h,e] — 
2e, [h, f] — —2/). li Q — Lie{G), then we have = n®m©a®n with n, m © a, n 
respectively the —2, 0, 2 eigenspace of ad{h), a = Wi, and m the orthogonal com- 
plement of a in m © a with respect to the Cartan-Killing form. In particular, n 
and n are commutative and e e n, / e n. Let 9 be the Cartan involution of G 
corresponding to the choice of K, then we may assume, = n, / = —9e and 
M(e - /) = Lie{H n K). Set p = m © a © n and let P = G G\Ad{g)p = p}. 
Then P is a parabolic subgroup of G, and if we take its Langlands decomposition 
P = MAN, then m = Lie{M), a = Lie{A) and n = Lie{N). Let x be a generic 
character of N , and let 

M^ = {m e M\xo Ad{m) = %}. 

In this section we will describe representatives for all the equivalence classes of 
generic characters on N. For the rest of the section we will fix a unitary character 
Xr of R. This is the hst of examples. 
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1. G = Sp{n, M) realized as 2n x 2n matrices such that gJnQ^ = Jn with 



Jn 



In 

-L 



with In the nxn identity matrix (upper T means transpose). 6{g) — {g ^)^. With 
this description 

g 
i9~Y 



MA 



\g e GL{n, '. 



N 



I X 
/ 



\X e M(n,]R),X^ = X 



The hst of generic characters is described as follows: let p, q be two positive integers 
such that p-\- q — n. Define a character Xp,q ^ follows 



I X 
/ 



= X^{^'^Ip,qX). 



Prom this definitions it is clear that 



M^,,, = 0(p, q) 

using the natural identification M = GL(n, R). 

2. G — SU {n, n) realized as the 2n x 2n complex matrices, g, such that 
gLng* = Ln with 

iln 

-iln 

In this case the centrahzer, MA, of /i in G is the set of all 

9 

igT' 



with g e GL{n, C), and 



N 



I X 
/ 



\X e M{n,R),X* = X 
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Representatives of equivalence classes of characters are again parameterized by 
positive integers p, q such that p + q = n and we can define 



Xp,q 



In this case 



/ X 
/ 



^xv,q ^ U{p,q). 

3. G = SO* {An) reahzed as the group of all g e SO{An, C) such that gJ2ng* — 
J2n- We can describe q = Lie{G) as a Lie subalgebra of M2„(]HI) as the matrices 
in block form 

" A X 

Y -A* 

with A,X,Y e M„(e) and X* = X,Y* = Y. In this form g n M2„(M) = 
Lie{Sp{n,R)). We take ej,h as above and note that MA ^ GL{n,M.). If 
we define Xp,g ^ before it is then easy to check that 

^Xp,q = Sp{p,q)- 

4. G the Hermitian symmetric real form of E^. In this case we will emphasize 
a decomposition of Lie{G) which makes it look exactly like those examples l.,2., 
and 3.. In each of those cases we have 



Lie{G) 



A 
Y 



X 
-A* 



with A an element of M„(F) and F = M, C or EI the upper * is the conjugate 
(of the field) transposed. Furthermore, X, Y are elements of Mn{F) that are self 
adjoint. Example 4 corresponds to the octonions, O. Here we replace M^{&) by 
m ® a = R © -E'6,2 (the real form of real rank 2 with maximal compact of type F4). 
We take for X, Y elements of the exceptional Euclidean Jordan algebra (the 3x3 
conjugate adjoint matrices over O with multiphcation A - B — \{AB + BA) thus 
in this case the X's and F's are defined in the same way for the octonions as for 
the other fields) . Here m acts by operators that are a sum of Jordan multiplication 
and a derivation of the Jordan algebra (the derivations defining the Lie algebra of 
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compact F4). With this notation our choice of e, /, h are exactly the same as the 
examples for R, C or H. In this case we can define the characters 



X3,o( 



I X 
I 



in which case M^g ^ is isomorphic to compact F4, or the character 

= XR(tr/2,iX). 



X2,ll 



/ X 
I 



in which case M^^ ^ is isomorphic to F4 1, the real form of F4 of real rank 1. The 
stabilizer of the characters Xi,2 and xo,3 are the same as the stabilizers for X2,i and 
X3,o respectively. 

There is one more example (that doesn't fit this beautiful picture). 

G — SO{n, 2) realized as the group of n + 2 by n + 2 matrices of determinant 
1 that leave invariant the form 

1 

4-1,1 

1 



Here 



MA 



and 



TV 











m 





a e 





a-' 




1 


— f * 


{v,v) 
2 





/ 


V 








1 



a e R*, m e SO{n- 1,1) 



V e 



on— 1,1 



Representatives of the orbits of generic characters are given by 



Xk 



( 



\ 



1 -V 
/ 




2 

V 

1 



\ 



J/ 



where is the /c-th component of v. Observe that 

M^„^50(n-1,M). 
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and 

M^^^ SO{n- 2,1), iiky^n. 

1.3 Jacquet integrals and Bessel models 

Let G be one of the simple Lie groups of tube type we just described, and let 
P — MAN, X and be as before. Let Po — MoAoNo be a minimal parabolic 
sugroup such that 

PoCP, N (zNo, Ac Ao, Mo C M. 

Let be the system of positive roots of G relative to Po, and let $]{^ be the system 
of positive roots of MA induced by Let W = W{G,Ao), Wm = W{MA,Ao) 
and set 

^ {w eW\ w^Ij C $+}. 
Then we have the following classical result. 

Lemma 1.3.1 (Bruhat decomposition). With notation and assumptions as above. 

1. IfvG W , then v can he expressed in a unique way as a product of an element 
in Wm and an element in W'^ . 

2. Given v E W, fix Wy & Nk{Ao) such that M^Wy = v. Then 

G= [j PoWyR 



3. Let vq be the longest element of W, vm the longest element of Wm, and set 

PoW^P = Pw^N 



— vgVm- If we set wq — Wy^, wm — Wvm ^"i^^ — Wym, then 



and if V ^ then 

dim PoWyP < dim Pw^N. 
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Corollary 1.3.2. Assume that the character x has compact stabilizer. Then 
Furthermore, if v & W'^ and v ^ , then 

Proof. Prom the classification of simple Lie groups of tube type, we see that if the 
stabilizer of x, M^, is compact, then there is a maximal compact subgroup K such 
that, if we set Km — M D K, then = Km is a maximal compact subgroup of 
M. We note that ^ {v E W\v ■ C hence w^{Po n M)w-^ C Po- The 
Iwasawa decomposition implies that 

M = (Po n m)Km. 

Since WvAoW~^ C Ao for all v eW we see that 

G = [j P,w^{P,nM)KMN = [j P,w^{P,nM)w;^w^KMN 
= U PoW^KmN. 

If we now use that = Km we obtain the decomposition we wanted. The 
dimension assertion follows from the fact that — vqVm is the unique element 
of such that WyNw'^ n iVo = {1}. □ 

Lemma 1.3.3. Assume that the character x has compact stabilizer. If v & 
is not , then the restriction of x to w~^NoWy H N is non-trivial. 

Proof. The tube type assumption imphes that $ is a root system of type C„ with 
n — dimAo- Hence, there exist linear functional £i, on Oo = Lie{Ao) such 
that 

= {Si±ej\l<i<j <n}U {2si, 26^} 

and 
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Let X e Lie{N) be such that [H,X] = 2ei{H)X, for all H e Lie{Ao). For 
such an X it can be checked that dx{X) ^ 0. Hence, if v e and x restricted 
to w~^NoWv n A'" is trivial, we must have 

v"-^ • (2£j) G i = l,...,n. 

Therefore ■ {Si + Sj) e — for all i < j, which implies that v — . □ 

Given an admissible, smooth, Frechet representation, (7r,V^), of G, and a 
generic character, x, of N, define the space of Bessel models of to be 

Wh^{V^) = {A e I \{-K{n)v) = x{n)v for all n e }. 

Here V^. is the continuous dual of VJ^. Observe that we can define an action of 
on Wh^iV) by setting (m • \){v) = \{Ti{m)-^v), for m e M^, \ e Wh^^iy). 
Effectively, if n e TV, 

[m ■ A)(7r(n)t') = A(7r(m)~^7r(n)w) = A(7r(m~^nm)7r(m)~^w) 
— x(?7T.~^nm)A(7r(m)~^t') = x(n)(m • A)(t'), 

where the last equality follows from the fact that x ° Ad{m) = x, for all m G M^. 
If (r, Vt) is an admissible, smooth, Frechet representation of we will set 

Wh^,riV^) = {A G Hom(K, K) I A(7r(mn)t;) = x(n)r(m)i;}, 

where Hom(T4, K) is the set of continuous hnear maps between V^^ and Observe 
that if (r, Vr) is irreducible, then there is a natural M^-equivariant embedding, 

V; ® Wh^,r{V^) Wh^iV^), given by (/x ® A)(^;) = ^i{X{v)) for G V;, A G 
and V G K- 

Let (a, Va-) be an admissible, smooth, Frechet representation of M of moderate 
growth. Let a = Lie{A), and let a'^ be the set of complex valued linear functionals 
on o. Let p be half the sum of the positive roots of P relative to A. Given an 
element G o^, set 

ai,{nam) = a'^^^a{m). for all n G A^, a G A, m G M. 
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Let 

— {4' '■ G — > I is smooth, and 4>{namk) = a''~^'^(p{k)}, 

and define an action of G on by setting T:cr,v{g)(t>{x) — (t>{xg) for x,g & G. If 
we give to I^^ the usual C°° topology, then (tTo-,,^, I^^) is an admissible, smooth, 
Prechet representation of G of moderate growth. Let 

= {(j) : K — > Vcr\(f) is smooth and (j){mk) = a{m)(j){k), for all m e Km} 

Observe that this space has a natural X-action. Given cf) e I^, define (f)a,i, G I^^, 
by 

(pa,u{namk) = a''^^a{m)(f){k). 

Observe that the map (p ^ (pa,^ defines a X-equivariant isomorphism between 
and for all u e a'^- 

Given an element (f) e I^, and a generic character x of A?" we define its gener- 
alized Jacquet integral to be the integral 

JU^)= f x{n)-'cl>.A^''n)dn. 
Jn 

Observe that if G is a simple Lie group of tube type, then dim = 1, and we can 
use p to identify with C. We will use this identification during the rest of the 
chapter. 

Lemma 1.3.4. There exists a constant such that 

Jn 

converges absolutely and uniformly in compacta o/ {i/ e | Rei^ > g^} for all 

Proof. From the Iwasawa decomposition of G, we have that for any n & N, there 
exists n{w'^n) e N, a{w^n) e A, m{w^n) e M and k{w^n) e K such that 

\\(t>,Aw^n)\\ = a{w''ri)^'''+P\\a{rn{w^ri))(t>aAK^''n))\\. (1.3) 

On the other hand, in [W3 proof of 4.5.6] it is proved that there exists some 
constants Ci and r, depending on cr, such that 

\\a{m{w^n))\\ < Ci\\n\\''. 
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Now in [W3 lemma 4. A. 2. 3] it's shown that there exists a constant C2 and hnear 
functional /i > such that 

\\n\\ < C2a{w^^n)-^'. 

Therefore 

\\a{m{w^n))\\ < Ca(w^n)^'^'', 
for some constant C > 0. From this equation and (11. Sp we conclude that 

Therefore, it is enough to show that there exists a constant q„ such that, if z/ G 
and lie u > Qcr, then 

[ a(w*^n)-"'^+^"^+''(in < 00. 
Jn 

But this follows directly from [W3, thm 4.5.4]. □ 

Let z/ G be such that Keu > q^r, and let /i G V^. Define a linear functional 
of I^^^ by 

It's easy to check that G Wh^{I^^^). Furthermore, given f G K- we can find an 
element G Icr,iy with support on Pw^'^N such that J^j,(0) = v. This means that 
if A^ = A^', then /i = /i'. In the next section we will describe how we can use the 
theory of the transverse symbol of Kolk-Varadarajan to define a map 

for all u G a'^ such that ii Keu > q^, then ^cr,ui^fi) = f^- Furthermore, we will 
show how we can make use of lemma [1.3.31 to show that this map $0-,;^ is injective 
in the case where x has compact stabilizer. 



1.4 The transverse symbol of Kolk-Varadarajan 

Let if be a Lie group, and let X be a C°° manifold with a left H action. Given 
a Frechet space E, let C^{X : E) be the space of smooth, compactly supported 
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functions on X with values in E. We will denote by 

D'{X : E) := (C^iX : E))' 

its dual space, and we will make the identification 

D'{X : E) ^ Hom{C^{X),E'). 

We will call any element in this space an i?-distribution on X. 

Fix an iJ-orbit O G X. Let Difi^'-'"'' be the sheaf of differential operators of 
order < r on X. For any x G X let Vi*^^ be the subspace of Diff^*"^ generated by 
germs of r-tuples f i ■ ■ ■ f ^ of vector fields around x for which at least one of the Vi 
is tangent to O. Let 

7^'^) = Diffi^-^)+\/i"). 

Choosing local coordinates at x it can be seen that li^'' actually is the stalk at x 
of a subsheaf /'■''•' C Diff [TT]. Hence we have a well-defined quotient sheaf 

with stalk at x equal to M^J^ = Diff^") It can be checked that M*^*"^ is a vector 

bundle over O of finite rank [11]. This is the r-th graded part of the transverse jet 
bundle on O. Observe that M^^^ is the r-th symmetric power of MW. 

We say that T G D'{X : E) has transverse order < r at a; G (9, if there exists 
an open neighborhood f/ of x in X, such that for all / G C^{U : E), with the 
property that Df\onu = for all D G DiS^''\U), T{f) = 0. Let D'^''\x : E) be 
the linear subspace of elements in D'{X : E) which have transverse order < r at 
all points of O. Observe that if T G D'Ij\x : E), then suppT C O, which justifies 
the notation. 

Given a normal subgroup H' C and a point y & O, define a character Xy of 
H'y = {heH'\h-y = y}hy 

where 5h' is the modular function of Hy and 6h^ is the modular function of Hy. 
The following theorem is a restatement of theorems 3.9, 3.11 and 3.15 of |11] . 
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Theorem 1.4.1 (Kolk-Varadarajan). Let X be a C°° manifold with a left action 
of H, let (tt, E) be a smooth Frechet representation of a normal subgroup H' of H, 
and let O G X be an H -orbit of X. 

1. Assume that the action of H' can he eoctended to an action of H. If there 
exists y & O, such that 



(MW(8)£;'(g)C;)^^ = (0), 



for all r e Z>o, then 



D'oiX : E) 



H' 



(0). 



2. Assume that H — H'. Then for any 



TeD'^'\X:E)lDp^\X:E), 



there exists Hy G {M^ ^ E' ^ C^)^" such that 




H/Hy 




3. Assume that E is finite dimensional, and assume that for ally ^ O 



(0), 



for all r e Z>o, then 



D'oiX : E) 



H' 



(0). 



We will now show how we can use this result to define a linear map 




Given / e C^{G), and veV^, set 




Then 



fp,a,u,v{P9) = cru{p)f{9), 



i.e 
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Let 

Up,a^ = {/ e /^.^ I supp/ C Piw^'TN}. 

Then, given / e C^°°(G) such that supp / C P{w^)*N, fp^^^^^^ e Up,^,. Further- 
more, the span of the fp,a,v,v^ constructed this way is dense in Up^^^. 
Let 

D\P{w^)*N : V„) = {T : C^{P{w^)*N) — > V^} 

be the space of Va distributions on P{w^)*N. Given A e Wh-^{Ip^a^), define 
A e D'{P{w^)*N : Kt) by 

\{f){v) = X{fp,.,.,.). 

It's easy to check that actually 

A e D'{P{w^rN : ® CJ^x^. 

Hence, according to part 2 of Kolk-Varadarajan theorem, there exist ii\ e such 
that 

Kf){'^) ^ l^^(^J j X{n)~^fipw^n)auip)~^vdrpdn 
Kfp,c,v,v) = ^^x{^j X{'ri)~^fp,a,v,v{w^n)dri^ 

^ UXO Jp^^^{fp^cT,V,v\K)- 

We will denote the map \^ ^xhj ^p,cu- Observe that iiKeu > g^- then $0-1^ is 
surjective, since given // e we can define X^ — ^o J^j, and it's then clear that 

Proposition 1.4.2. Assume that the character x has compact stabilizer. If X & 
Wh^il^^^J and A|c/^^^ = then A = 0. 

Corollary 1.4.3. If x has compact stabilizer, then the map 

$P,., : Wh^ilp,,^) V; 

is injective. 
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Proof (of proposition). We will first reduce the problem to the case where a is an 
induced representation. If (ry, V) is a finite dimensional representation of Po, we 
define to be the space of smooth : G — > V such that (/){pg) = i]{p)4'{9) 
p & Po and g & G. Set 'Kr^{g)<p{x) — (ti{xg), for x,g & G. If we endow ,j with the 
C°° topology, then (tt^, /^^^) is an admissible, smooth, Prechet representation of 
moderate growth. Let (^, F) be a finite dimensional representation of Pm ■— -PonM 
and let (tt^, -?^^_^) be the corresponding representation of M (Observe that PoHM is 
a minimal parabolic subgroup of M) . The Casselman-Wallach theorem imphes that 
there exists a surjective, continuous, M-intertwining operator L : /^^^ — > K- for 
some finite dimensional representation F) of Pm- This map lifts to a surjective 
G interwining map L : /^^^ — > J^^,,, given by L{(j)){g) = L{(f){g)) for G 
g E G. The representation /^^^ ^ is equivalent to the representation smoothly 
induced from P^ to G by the representation of Po with values on F defined as 
follows: 

^„{nap) = a'^+P^ip) for p e Pm, a e A, n e N. 

Setting Tj = we can identify the map L with a surjective G-equivariant map 
Z : /~ — > Set f/p„,^ = {0 G /^^,, I SUPP0 C Pw^ N = PoW^P}, and 

define W^^x(-^i?r?) ^'^^ same way as above. Assume that we have proved the 
proposition for 1]?^^, i.e., assume that if A G Wh^{I^^^) and )\\up^,, = 0, then 
A = 0. Let A G Wh^{I'^^^,^) be such that X\up„^ = and let A = L*X be the 
puUback of A to by L. It's easy to check, using the definition of L, 

that X\up^ V ~ ^ hence, by our assumptions, A = L*X — 0, but L is surjective, 
therefore A = 0. We will now prove the proposition for 1^/1^(7^ ,^). 

Let A e Wh-^{I^^ ,^) be such that X\up^^ — 0. Proceeding as before, we can 
define a distribution 

AeL>'(G':F®C^)^°^^ 
that vanishes on the big Bruhat cell. Now, if we can prove that 

then, the standard Bruhat theoretic argument shows that A, and hence A, is equal 
to 0. 
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Now, since Km = M^, we can extend the action of No x N on F ® Cy, to an 
action of Pq x KmN. Therefore, from part 1 of theorem II. 4. 1^ we just need to 
show that 

{Mi'] ® (F ® CJ')^'^"'''^^™" = (0), Vr > 0. 

But this follows from the fact A^o acts unipotently on Mw] F' and that the 
restriction of x to w^^NoW^ fl iV is non-trivial, according to lemma [r.3.31 □ 

Although proposition II .4.21 is false in the case where the stabilizer of x is non- 
compact, we will show later how we can obtain a similar result in the general case. 
But before we are able to prove this result we will need dig a little bit more into 
the structure of Lie groups of tube type. 

1.5 The Bruhat-Matsuki decomposition of a Lie 
group of tube type 

An affine symmetric space is a triple (G, if, a) consisting of a connected Lie 
group G, a closed subgroup H oi G and an involutive automorphism a of G such 
that H lies between Go- and the identity component of Go-, where G„ denotes the 
closed subgroup of G consisting of all the elements fixed by a. If G is real semi- 
simple, Matsuki [H] has given an explicit double coset decomposition of the space 
H\G/P, where P is a minimal parabolic subgroup of G. His construction goes as 
follows. 

Let (G, H, a) be an affine symmetric space such that G is real semi-simple, 
and (g, f),o") the corresponding symmetric algebra. Let be a Cartan involution 
commutative with a, and g = t©p the corresponding Cartan decomposition. Since 
the factor space G/P is identified with the set of all minimal parabolic subalgebras 
of Q, the following theorem and corollary give a complete characterization of the 
ii-orbits on G/P. 

Theorem 1.5.1. 1. Let Po be a minimal parabolic subalgebra of q. Then there 
exists a a -stable maximal abelian subspace ap ofp and a positive system $^ of 
the root system $ of the pair (g, ap) such that Po is Ho-conjugate to V{ap, $^), 
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where Ho is the identity component of H , V{ap, $+) = m©ap©n, m = z{ap), 
n = Eae*+ 0«, and g^ = {XeQ\ [Y, X] = a{Y)Xfor all Y e P.}. 

2. Let Op and a'^ be a-stable maximal abelian subspaces of p, and i^'^)' 
be positive systems of root systems o-(P(op) and $('P(ap) respectively. If 
P(ap,$+) andV{a'p, {^~^y) are H -conjugate, then ap anda'^ are Kj^- conjugate 
{K+ = HnK). 

If Op is a (T-stable maximal abelian subspace of p, we can define a subgroup 
W{ap, K+) of the Wey group W{ap) by W{ap, K+) = (M*(ap) n K+/{M{ap n K+), 
where M*{ap) = A^ft:(ap), and M(ap) = ^x(ap). 

Corollary 1.5.2. Let {ap^ \ i E 1} be representatives of the K^-conjugacy classes 
of a-stable maximal abelian subspaces of p. Then there exists a one-to-one corre- 
spondence between the H -conjugacy classes of minimal parabolic subalgebras of g 
and 

Ui^iW{ap,K^)\W{ap,) 

where the union is disjoint. The correspondence is given as follows. Fix a positive 
system o/$(apJ for each i e /. Then W{ap,K^)w e UieiW {ap, K+)\W {ap^) 
corresponds to the H-conjugacy class of minimal parabolic subalgebras of g con- 
taining V{ap, w^^). 

Let ttp be a cr-stable maximal abelian subspaces of p such that ap+ = Op n p is 
maximal abehan in p_,_ = pflf). put q = {X G Q \ (j{X) = —X}, and $(ap+) = {a e 
$(ap) I Ha G ap+}, where Ha is the unique element in Op such that B{Ha,H) = 
a{H) for all H E ap {B is the Killing form of q). Let aj, i = 1, . . . , A; be elements 
of $(ap+) and X^., i = 1, . . . , k he on-zero elements of go--. Then {Xq,^, . . . , Xa,^} 
is said to be a g'-orthogonal system of $(op+) if the following two conditions are 
satisfied: (i) G q for i = 1, . . . , k„ (ii) X«J = and [X^,, 6I(X«J] = for 
i,j ^l,...,k,i^j. 

Two q-orthogonal systems {Xa^, . . . , Xa^} and {Yp^, . . . , Yg^^} are said to be 
conjugate under VF(ap, K+) if there is a w G VF(ap, K^) such that ^(X^iLi I^-f^aJ — 
^^L^Mi^/ji- Then the following theorem gives a complete characterization of the 
X^-conjugacy classes of cr-stable maximal abelian subspaces of p. 
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Theorem 1.5.3. Let {G,H,(t) be an ajfine symmetric spaces such that g is real 
semi-simple, 9 a Cartan involution of q commutative with a, and g = t © p the 
corresponding Cartan decomposition of q. Let ap+ be a maximal abelian subspace 
of p"*" and Op a maximal abelian subspace of p containing ap+ . Then there exists a 
one-to-one correspondence between the K+-conjugacy classes of a -stable maximal 
abelian subspaces ofp and the W{(Xp, K+)-conjugacy classes ofq orthogonal systems 
o/$(ap+). The correspondence is given as follows: Let Q — {X^^, ■ ■ ■ , X^^.} be a q- 
orthogonal system o/$(ap+). Put t = X)i=i ^^-f^ai ; '^p+ ^ {H e ap+ | B{H,t) = 0}, 
a'p- = cip_ + E?=i^^(^a> - ^~aj, where ap_ = Op n q, and a'^ = a'^+ + ap_. 
Then the W {ap, K^)-conjugacy class of q- orthogonal system o/ $(op+) contain- 
ing Q corresponds to the K^-conjugacy class of a -stable maximal abelian sub- 
space ofp containing aj,. Moreover if Xq.^, —i = l,...,k, is normalized such 
that 2ai{Hai)B{Xai, X_ai) = -1, then 

a; = /lrf(exp (7r/2)(X„, + X_„J) ■ ■ ■ Aci(exp (7r/2)(X„, + X_„J)ap, 
where X^^i = ^(^aj- 

Theorem 1.5.4. Let {G,H,a) be an affine symmetric space such that G is real 
semi-simple, 6 a Cartan involution commutative with a , and = t ® p the cor- 
responding Cartan decomposition. Let (Xp be a maximal abelian subspace of p 
such that Op+ is maximal abelian in and {Qi, ■ ■ ■ ,Qm} be representatives of 
W{ap, K+)-conjugacy classes of q- orthogonal systems o/$(ap+). Suppose that Qj — 
{Xai, . . . , Xa,^} is normalized such that 2ai{HajB{Xai, X_aJ = —I, i = 1, ■ ■ ■ , k 
for each J = l,...,m. Pit^ c(g,) = exp (0/2)(X„^ + X_„J ■ ■ • (0/2)(X„^ + X_„J. 
Then 

1. We have the following decomposition of G. 

G = U^6W(op,x+) \W{ap.)Hwyc{Qi)P (disjoint union) 

where P — P(op, is a positive system o/$(Op), Op. = Ad{c{Qi))ap, 

and Wyis an element of M*{(Xp^) that represents an element of the left coset 
vcW{ap,). 
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2. Put Pi^wy = 'Wvc{Qi)Pc{Qi)~^w~^ . Let hi,h2 G H and pi,p2 G P. Then 
hiWyc{Qi)pi = h2W^c{Qi)p2 if and only if there exists an x & H n Pi^wv such 
that h2 — hix and that p2 — c{Qi)~^w~^x~^Wvc{Qi)pi. 

3. Let P = -P(ap, $+) = MA'^N'^ be a minimal parabolic subgroup of G such 
that Op is a-stable. Then 

Hr]P^(K+n M)A; exp (f) n n+ n an+). 



In this section we will record the decomposition of some relevant symmetric 
spaces with respect to the action of a minimal parabolic subgroups. Let G — 

GL{n, F),H = U{p, q, F), for F = R, C, H or O. Let 



b: 



p,<i 



0. 



Ip-q 



0,; 



^q—i ^q—i 

ioT n — p + q, p > q > i, and define cr* : G — > G by 

Then cr* is an involution, and a^9 — Oa'^ for all i. Let W — {g & G \ cr'^{g) 
Then (G, W, cr*) is a symmetric space. Let \f — Lie{W), then 



A 





X 


-S* 


Z 


T 


Y 


s 


-A* 



AeQl{i,F), Z eu{p-i,q-i,F), 
S,Te EndF{Fi-\ Fp-''1-'), 
X* = -X, Y* = -Y 



Let 



Ai 



Xr 



Ai G 



and observe that a fl f)^ is maximal abelian in p fl f)^, where 



= €©p 
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is the Cartan decomposition of g. Let 

q« = {X e I a^iX) = -X}, 

then 



A T* X 

S* Z T 
Y S A* 



A e Ql{t,F), Z* = Z, 
S,T e EndFiFi-\FP~''i-'), 
X* = X,Y* = Y 



Let 



Eu 
Xi = 



then {Xi, . . . ,Xq}, is a representative of the unique conjugacy class of maximal 
q-orthogonal systems. Let 



V2t 
2 



2 « 



•■q-i 



a/2 7- 
2 



2 * 



Iq—i 



then QS^,gC-' = q//"c-' = and 

^ ^ U U PoWyCiH^, withx; = //^nx 

i=0 veW{a,Ki)\W{a) 
Q 

= U U WyP^WCi WithP^ =W-^PoWy. 

1=0 ueW(o,J!'|)\VF(o) 



Observe that 



Ai 



Xi 



0, 



-Ai 



-A,: 
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Let X be a unitary character of M, and let ^ be as before. Define a character 
Xp,q on N by 

^ ^ ■ =x(tr(S;,,X)) 



P,9 



Let M^i^ ^ be the stabihzer of ^ in M. According to the Bruhat decomposition. 

weW^ 

= U U U PoW*Pmv*c,M^o^N 

weW^ i=0 veW{a,Ki)\W{a) 

= U U U PoW*v*c,M^oN 

wgW^ i=Ov£W{a,K'^)\W{a) 

= U U U 

i=OweW'^ veW{a,Ki)\W{a) 



w*v*PrM^i Nci 



Observe that 



Ai 



Xi 



Op+5-2i 



-Ai 



-A,: 



and hence dim (A fl M^i^ J 



(L4) 
(1-5) 



1.6 The vanishing of certain invariant distributions 

Definition 1.6.1. Let (vr, V) be a smooth, Frechet, moderate growth representation 
of a semi-simple Lie group G with finite center. We say that V has a spht eigenvec- 
tor if the following holds: There exists an Iwasawa decomposition Q = t(B do ® Ho, 
where Q — Lie{G), and an element e Oo such that 
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1. The projection of H to any simple factor of g is non-zero. 

2. There exists v & V such that H ■ v — \v for some A e C. 

Lemma 1.6.2. Let G he a connected semi-simple Lie group with finite center. 
Let (tt, V) he a smooth, irreducihle, admissihle Frechet representation of moderate 
growth with a split eigenvector. Then dimF < oo. 

Proof. Let X be a maximal compact subgroup of G associated with a Cartan 
involution 9. Let Vk be the space of X-finite vectors of V . Then the Casselman- 
Wallach theorem implies that if A G (Vftf/tioVx)' then A extends to a continuous 
map of V to C. This implies that Vk/uoVK — V/UoV as an ao-module. 

Let f 7^ be such that Hv = \v with A G C. Let W be the restricted Weyl 
group of G acting on Oo- If is simple over M, then the action of W on would be 
irreducible. Hence our assumption on H implies that WH spans Oo- If s G VF, then 
there exists s* e K such that Ad{s*)H = sH, and d{s*)Hs*v = Xs*v. This implies 
that there exists u e V and ^ G (ao)c such that if G Oo then Hu — ^{H)u. 
Now since the action of tto diagonahzes on U{g) and U{q)u — V, the action of ao 
diagonahzes on V. Let ^i, ■ ■ ■ , £ weights of Oo on V/rioV. Then we 

see that the set of weights of Oo on V is contained in 

U^i{^i -\- a\a a non-zero sum of positive roots of Oo in tio}. 

Note that m < oo. Let fio = OUo. These observations imply that tio acts locally 
nilpotently on V. Now let -u be a weight vector for Oo on Vk- (Since V/xXoV = 
Vk/noVx the above argument implies that such a u exists). Then we have 

U{no)U{ao)u = U{no)u 

which is finite dimensional. Thus Vk = U {t)U {no)U {ao)u is finite dimensional. □ 

Observe that this lemma implies, in particular, that if G is as above, and (tt, V) 
is an irreducible, tempered representation of G, then V has no split eigenvectors. 

Proposition 1.6.3. Let {r],Vr,) be an admissible representation of P such that N 
acts locally unipotently, an has finite length. Let 

Ip,n = {f ■■ 9 ^Vr,\f isC^, and f{pg) = 7){p)f{g) for all p G P} 
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and let 

Up^r, = {f elp,r, \ supp / C PwIjN}. 
Let Vr be a representation of with no split eigenvectors, and let 

Wh^,r{Ip,,) ■■= {A : Jp,, Vr I X{nm ■ f) = x{n)r{m)X{f) , WeN,me MJ. 
Let A G W h^,r{I p,r]) be such that X\up^ = 0, then A = 
Proof. Given / G C^{G) and f G V^-, define G /p,^ by 

fvig) = J ri{p)-^f{pg)vdip 

It's easy to check that f ® v defines a surjective continuous map from 

C'^{G)®Va to Jp^^. Let A G W^/;,;^,r(-?^p,77) be such that X\up^^ = 0, and define a 
Hom{V^, VV)-valued distribution A on G by 

X{f){v) = X{f,). 

To prove the proposition it suffices to show that A = 0. 
By the definition of A 

X{Lpf){v) = HviPr'v) VpGPo (1.6) 
~X{Rnmf){v) = xHr(m)A \fn e N, \/m e (1.7) 

and supp A C G\Pwl,jN. Recall that, according to equation (ll.4p 
^ = U U U PoW*w,c,M^N, 

So the condition supp A C G\Pw\jN says that supp A is contained outside the 
union of the open orbits. We will show that all the other orbits can't support 
distributions satisfying conditions (II. 6p and (II. 7p . Then the usual Bruhat theoretic 
argument show that A = 0. 

Let Ow,vA = PoW*Wt,CiM^N be an orbit that is not an open orbit. Then either 
w* WIj, q 7^ e or both. Let 

H[uj,v,{) = {mn I m G and w~^w^cim~^cJ^WyW^^ G Po] 
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and let 

Observe that H(^w,v,i) is the stabihzer of ww^Ci on Pq x M^N. Define a representation 
iViw,v,i),Vrf) of -^(^,^,1) by 

h ■ V = {wWyCimci^^w^^w^^) ■ v. 

Let M^^,^.^ be the r-th transverse bundle on defined by Kolk-Varadarajan 

[11] . Then theorem 3.9 of the aforementioned paper says that if 



HoniH,^^^^ {V, ® mHI.^ , V; J = 0, Vr, 



then 



D^{G; Hom{V„ = 0. (1.9) 

Assume that Cj 7^ e. Let /i G HorriHf^^ ^ (K; ® ^(wv i)' ^*x)- each t G M define 

cosh t sinh t 
ht= I 

sinh t cosh t 

Observe that the hf define a one parameter subgroup of M^. Observe also that 



WW^Ci 



cosh t sinh t 
I 

sinh t cosh t 



W = WWy 



w^^w ^ G Ao 



Since the action of on ® M^-^^ is semi-simple, there exists a nonzero vector 

V G K,® Mf;;;^_^_.), such that 



WW,, 



for some a G C. On the other hand 

cosh t sinh t 
/ 

sinh t cosh t 



w,. ^w ■ v) 
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which contradicts our assumption on Vr- Hence if i 7^ 
Now assume that i — O.Then 



Since w ^ wm, there exists 1 < i,j,< n such that wwy 



I xE, 



1,1 



I xE. 



J, J 



e A^o- Now since A^o acts locally unipotently on VJ, (g) M^^_^ .^ there is 



SiV eVr,® -^S?;,*) such that 



/ xEjj 



V — V +v 



with V e Ker /x, and ii{v) ^ 0. On the other hand 



I xEjj 



V) = ll{WWy 



/ xEi^i 
I 

I xEi 
I 



w„ w ) 



for all X e ]R, but this is only possible if //(v) = which is a contradiction. Prom 
all this we see that if 0(^u),v,i) is not an open orbit, then 



Do,^^^jG;Hom{V,,Vr)) 



PoXM^N 



0. 



Now the standard Bruhat theoretic argument shows that A = which implies 
that A = 0. □ 

We are now ready to state the main result of this chapter. 

Theorem 1.6.4. Let {a, V^) be an admissible, smooth, Frechet representation of 
M, and let (t, T^) be an smooth, irreducible, tempered representation of M-^. 
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1. The map 

defines a linear isomorphism for all e o^- 

2. For all G HomM^iV^^Vr) , the map z/ /i o J^^^ extends to a weakly 
holomorphic map of into Hom{I^ ,Vr). 

Before starting the proof of this theorem, we will need some technical results 
that we will develop in the next section. 

1.7 Tensoring with finite dimensional representa- 
tion 

Let G be a simple Lie group of tube type, and let P = MAN be a Siegel 
parabolic. Observe that dim /I = 1, hence, we can choose H G Lie{A) such that, 
if [r], F) is a finite dimensional representation of G, then there exists an integer r 
such that F — ©^^QF2j_r where 

Fj = {v e F\H ■ V = jv}. 

Given such a finite dimensional representation {ri,F), set Xj = Q)l=jF2k-r, then 

F^XoDXiD---DXrD Xr+i = (0) 

is a P-invariant filtration. If we now set = {4> G F'\4>\xj=o}, then 

F' = D D ■ ■ ■ D F° = (0) 

is the corresponding dual filtration. 

We will identify /^^^ (8) F with the space 

{0 : G ^ 14, ® F\<j>{pg) = {a,{p) ® I)cf>{g)} 

and observe that 

Ip,a.^n = {0 : C ^ ® F\(l>{pg) = {a.{p) ® r?(p))0(<7)}. 



36 



With this conventions there is an isomorphism of G-modules 
where 

(P{g) = (/ ® vi9))<P{9), and 4){g) = (/ ® r]{g)-^)(P{g). 

Let {rij,Xj) be the restriction of 77 to P acting on X^, and let {fij, Xj/Xj^i) be 
the representation induced on the quotient. 

Then we have the following G-invariant filtration 

7-00 _ TOO TOO _ /rj\ 

Moreover, it can be checked that 

roo / roo too 

The next theorem is a restatement of some of the results given in [22] for the 
case at hand. 

Theorem 1.7.1. Let G he a Lie group of tube type, and let P = MAN be a Siegel 
parabolic subgroup with given Langlands decomposition. Let x be a generic char- 
acter of N, and set g = Lie{G). There exists an element T e U{q)^^, depending 
only on F, such that 

1. The map 

r : Wh^ilf^J ®F' Wh^{If^,^ ® F) 
is an isomorphism. 

2. IfXe Why,{ip;^J ® then T{X) = A + A with A G (J^^J' ® Y^-\ 
Define 

by f (A)(0) = r(A)(0). 
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Then it's clear, from the above lemma, that f defines an M^-equivariant iso- 
morphism. 

If (^, V) is a representation of P, let 

/- = {<i):G^V\<P{pg) = 6pip)Hip)<j)ig)} 
Up^^ = {0 e /^^ I SUPP0 c P{w'^yN}. 

Observe that if G f/ then has compact support modulo P. 
If (r, Vt) is a representation of M^, define 

in the same way we defined 

Now observe that, since F is an M^-equivariant isomorphism, F induces an 
isomorphism, which we wil also denote by F, 

z\\ z\\ 

Here we are using the fact that Wh^^T-iV-n-) — (W^^x(^ ® Vr)^^ for all representa- 
tions (tt, Vt,) of G, and (r, Vt) of M^. 
We will identify 



A(7r(n)®/)0) = xWA(0), 
A(7r(m) ® r}{m)(j)) = T{m)X{(j)) 



Then we can identify ®^ with a map 

: Wh^,r,'^rila.) HomM^{Va ® F, Vr), 

such that, if A e Wh-^,r)'^T{^a^): 4> £ Ua^^jj, and we set jix = $^]f''^(A), then 



Let e be such that is an isomorphism for every representation {f,Vf) of 
M^. Then ^^'^"^ is an isomorphism, and if we set f = $J^®„ o f o then 
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the following diagram commutes 



Wh 



HamM,{V,^F,Vr) 



HomMJVa^F,Vr) 



(1.10) 



Lemma 1.7.2. f is an isomorphism. 

Observe that this lemma immediately implies that ^J^^^ is an isomorphism. 

Proof. Let fj, G HoniM^iVa ® F,Vr). Since is an isomorphism, there exists 

A e Wh^^ri'^Al^J such that ii = $:^'®"(A) =: /ix, i.e., if G Up^^^^r,, then 

A(0) = //a( / x(n)~V(«^Mri) dn). 

To prove the lemma, we will show that if /ix e HomM^iYa® Vr), is such that 
= for all I) e 14 (8) Xj, then 

{tlx -{I® r,{wM)')T{iix)){v) = e V; ® 

For any such //a, A e ® ® K)^^, and hence r(A) = A + A, with 

A e (/^^J' (8) 1^^"^ (8) K. Therefore, if e ® then A(0) = and 



r(A)(0) = A(0) + A(0) = A(0). 



Now by definition 



f (A)(0) = r(A)(0) = ^xx{ I xH~V(w) dn). 

JN 

But on the other hand since 4> ^ ^p.^^^igir? 

f (A)(0) = /if(A)( / x(«)"^0(w^Mn)rfn) 



JN 
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Given G K- ^j-i choose a G ® -^j-i such that (f){wM) = Vj-i. Let 
{u^}k be an approximate identity on TV, and define 4>^ G t/p,(T^ by 

(j)''{wMn) = u''{n)xin)(p{wMn). 

Then 

\im ijixi x{'i^y^(t>^{wMn)dn) = Yvcn V{ijlx){ l x{'ri)~^I ®'n{wM))(t>''{wM)dn) 
/XA(hm / u^{n)(t){wMn) dn) = T{fix){\im I u''{n)I ® r]{wM))<t>{wM) dn) 

Since this holds for all Vj^i G V^^-'^j-i, we conclude that ijLx — {I'Sirj{w^y)r{ijLx) £ 
(8) y^~^ (8) as we wanted to prove. □ 

We will now choose a representation {rjjF), such that the action of M on is 
trivial, then cTj, (8) 770 — CTu-r, ^^nd hence 

TOO rsj TOO 

Let 

Observe that if A G W^^^, then A 1 700 defines an element in Why Jl'^fx.ri)- 
Lemma 1.7.3. There exists and isomorphism 



j=0 
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such that the following diagram is commutative: 



s 




j^QHomM^iVa (g) Xj/Xj+i, Vr) 
HomMJV„®F,Vr) 



XIV, 



Corollary 1.7.4. is an isomorphism for all v G a'^ 



Proof (of corollary). Let z/ G be such that is an isomorphism. Then we 
know that $^i,(g)r? isomorphism, and from the above diagram ^a^(^f}j is an 

isomorphism for all j. In particular, if (77, F) is as before, then is an isomor- 

phism. Proceeding by induction, it can now be shown that is an isomorphism 



for all G a'c. 



□ 



Proof (of lemma). Let A G Wh^^r{I^(^n)- Since $^,^0^ is an isomorphism, there 
exists nx G HoniM^iV^ ® F, Vr) such that if G Ua-^^ri, then 

A(0) = /iA( / x{n)'^(j){wMn) dn). 



N 



Let pj be the natural projection oi ® F onto Vo- ® -^r-2j- Since pj is M^- 
equivariant, fJ,x°Pj ^ HorriM^iVa ® F, Vr). Let Aj = ($^^g,^)"-^(/iA opj)- Then it is 
clear that A = ^ Aj. Furthermore if G Ua^^r]j+i, then 

Xj{(f)) = fixopj{ x{n)^^4>{wMn) dn) = 0, 



N 



since all the values of are in Xjj^i. Now since A 



proposition 11.6.31 



implies that Aj| 



0, i.e., Aj G Define 



S'(A) — (Ao, . . . , Xr), 



with A,- = A,|/^ 
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It's then clear, from the above observations, that S is an isomorphism that makes 
diagram 11.111 commute. □ 

1.8 Holomorphic Continuation of Certain Jacquet 
Integrals 

Theorem 1.8.1. Let (a, V"o-) be an admissible, smooth, Frechet representation of 
M, and let (t, K-) be an smooth, irreducible, tempered representation of M^. 

1. The map 

defines a linear isomorphism for all z/ G o'^- 

2. For all fi G HomM^(y„,Vr) , the map z/ i— )■ /x o J^^^ extends to a weakly 
holomorphic map of a'^ into Hom{I^,Vr). 

Proof. We have aheady seen that is an isomorphism for all u & a'^. Given 

H G HoniM-^iVa, Vr), and (f) e define 

Observe that, ii Keu ^ 0, then 7^(i/)(0) = /i o J^^(0). We will show that 7 
has holomorphic continuation to all u G a^, by showing that it satisfies a shift 
equation. 

Let u G a'c and G be arbitrary. By definition 

for some A G Wh^-ri^^u-r)- -^^^ now, according to fll.lUp and f ll.lip . there exists 
S G Wh^^r,'(i^T{Ia,,), and ip G /^^j^, such that 

7,(z/-r)(0) = A(0.,._,) = f(5)(^) 

where /i^ = $^'^^"^(5). This is the desired shift equation which shows that 7^ is 
weakly holomorphic everywhere. □ 



Chapter 2 



The Bessel-Plancherel theorem 



2.1 The Bessel-Plancherel theorem for rank 1 Lie 
groups of tube type 

Let G be a Lie group of tube type and let P — MAN be a Siegel parabolic 
subgroup with given Langlands decomposition. Given a character x of ^ i we will 

set C^{N\G; x) to be equal to the set of smooth functions / : G — > C such that 
f{ng) = x{^)f{g)^ for all n E N, g & G, and such that |/| has compact support 
modulo N. We will also set 



L'{N\G;x) = <f-G^C 



f{ng) = x{n)f{g), forneN,ge G, 
^T^^ lN\G\f (a)]'' dNg <oo 

Here dNg is the measure on N\G such that, if / G G^{G), then 



/ f{g)dg= [ [ f{ng)dndNg. (2.1) 
Jg Jn\gJn 



'N\G . 

Observe that L'^{N\G;x) ^ natural inner product, defined by 

(/, h) := / mh{g) dNg, for f,he L'{N\G; x)- 
Jn\g 

Let A be the measure on N such that, if / G C^(iV), then 



/(e) = / f{x)dX(x), (2.2) 
Jn 
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where / is the Fourier transform of /. 

Given / G CT{G) C L\G), define Sf{x) E C^{N\G; x) C L\N\G; x), by 

Sf{x){9)= [ X{nr'f{ng)dn. (2.3) 

We would hke to use this equation to identify / with a "section" on a "vector 
bundle" E over with fibers L'^{N\G;x)- Unfortunately, this "bundle" fails to 
satisfy the local triviality property. We will work around this problem in the 
following way: Given / G C^{N\G; x) and p G P set Lpf{g) = f{p^^g)- Then 

Lpf{ng) = f{p~^ng) = f{{p'^np)p'^g) = x{p~^np)f{p'^g) = {p ■ x){n)Lpf{g), 

i.e, Lpf G C^{N\G;p ■ x)- Moreover, according to section [2. CI 

{L,f,LJ) = [ Lj{g)Lpf{g)dNg= [ Ji^fip-'g)dNg 
Jn\g Jn\g 



f{g)f{g)Sp{p)-'dNg = 6p{p)-'{fJ), 

'N\G 

where 6p is the modular function of P. What this couple of equations say is that we 
can extend Lp to a conformal transformation from L'^{N\G; x) to L^{N\G;p ■ x)- 
Now from equation fl2.3p 

SR,jix)ig) = / xin)~^Rgif{ng)dn= / xin)'^ finggi) dn 

- sf{x){ggi) =: {Ra,sf{x)){g) (2.4) 

and 

SLpf{x)ig) = / x{n)~^Lpf{ng)dn= / xi^y^ f{p'^npp-^g) dn 



N JN 

xipnp'^y^Spip)finp~^g) dn 

N 

iP~^x)in)~^5p{p)f{np'^g) dn 

N 

= h{p)sf{p-\){p''g). (2.5) 

Let Q, be the set of open orbits for the action of P on N . Then we can use equations 
(12^ and (1^3]) to define a P x G-vector bundle 

E 
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with fibers Ey. = L'^{N\G;x)- Now observe that, if / G C^{G), then, according 
to equations ([21]), (E^l) and (1^ . 



(/,/) = / / fing)f{ng)dndNg 
'N\G Jn 



Sfix){g)sf{x)ig) dXix) dNg 

N\G JN 

{sf{x),Sf{x))dX{x) 



N 



= / {sfix),Sf{x))dHx), (2.6) 

where the last equahty follows from the fact that the complement of the union of 
the open orbits of P in has measure zero. Therefore, if we set 

L'{lo, E,\) = {s:co-^E\ six) G E^, and \\s{x)fd\ix) < oo}, 

then the map f ^ Sf extends to a P x G-equivariant isometry between L'^(G) and 
®u)enL'^{'^i E, A). This is the identification we were after when we defined Sf. 

We will now use the material developed in section [2. Al to continue the study of 
the decomposition of L'^{G) with respect to the action of P x G. For every G fi, 
we will fix a character Xui ^ ^- Then, according to the material in section 12. At 
there is a natural P x G-equivariant isomorphism 

Therefore 

L\G) - ^L'{u,E,X) = ^lnd^^%aL'{N\G;x.) 

- / Indr,^^^(x. ® r*) ® L'iMy^N\G; r ® x.)dvir) 

^ /" Ind^,^^^(x. ® r*) ® / W^x„,.(7r) ® vr rf/x,,,(7r)rf77(r) 

- /. ^x.,-(^) ® Ind^/,.7v(x. ® r*) ® 7rrf/i^,.(7r)rf77(r).(2.7) 

w6r2 '^'^xoj Jg 

Here r/ is the Plancherel measure of M^^, whereas /i^^^ is a measure on G that 
depends on uj and r, and W,(.^,T-(7r) is some multiplicity space, that also depends 
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on oj and r. On the other hand, Harish-Chandra's Plancherel theorem says that 

L\G)= [n*\p(^7rdix{n), (2.8) 
Jg 

where /i is the Plancherel measure on G. 

We will now restrict to the case where G has rank 1. In this case if x is generic, 
then is compact, and hence equation (12. 7p reads 

L\G) = 00/ W^^A^) ® Indr,^^^(x^ ® T*) ^ndfi^^Ti). 



From this and equation (12. 8p we conclude that, for /x- almost all tt. 



TT 



|P = W^.A^)®lndl,^^^x.®r*, (2.9) 



and that /i^^^ is absolutely continuous with respect to the Plancherel measure /i. 



for all 00, r, i.e., 

L'^{M^N\G;r®x) = I^W^An)®nd^{n). (2.10) 

Jg 

Observe that in the rank 1 case P is both, a maximal and a minimal parabolic 
subgroup, and hence this case is contained in the calculation of the Whittaker- 
Plancherel measure given in [21]. There the multiplicity spaces iy^^(7r) are explic- 
itly computed to be isomorphic to the space of Whittaker models Wh^^ri'^)- 

Looking at equations ( 12. 7p . ( 12. 8p . ( 12. 9 p and ( I2.10p it is natural to state the 
following conjecture: 

Conjecture 2.1.1. For ^-almost all n, 

^1^ = 0/. W^.,.(7r)®Ind^^^^x.®rXr). (2.11) 
wen "'^eA/^i^ 

Furthermore, if x "is a generic character of N, then 



L\N\G;x)= / / W^A7r)(S)r* ^Trd7]{T)dii{Tr), (2.12) 
Jg J 

where rj is the Plancherel measure of M^, and fi is the Plancherel measure of G. 
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Proving this conjecture will be the goal of this chapter. We will start in section 
12.21 where we will restate the asymptotic expansion of certain matrix coefficients 
developed by Wallach [23], |24] . Then, in section [2l3| we will define the Schwartz 
space, ^{N\G]x)j of L'^{N\G',x)j analogous to the Schwartz space, ^{G), of 
L'^{G), and define a "Fourier transform" map between 'io{G) and ^{N\G;x)- 
section 123] we will use the results developed in the previous two sections to prove 
equations (I3.13P and ( I2.12p . This is the generalized Bessel-Plancherel theorem, 
generalized in the sense that the group may not be compact. 

In the case where is compact, we can give a more explicit description of 
the isomorphism appearing in equation (I2.12p . In section [275] we will use the holo- 
morphic continuation of the generalized Jacquet integrals proved in section 11.81 to 
calculate the Fourier transform of a wave packet, in the case where is compact. 
This calculations will allow us to "push forward" the decomposition of ^{G) to 
obtain a decomposition of 'io{N\G\ x) with explicit intertwiner operators. Finally 
in section 12.61 we will use this results, together with the asymptotic expansions 
developed in section [2l2| to identify the multiplicity spaces W^^riT^) with the space 
of Bessel models Wh^^riT^). 

The chapter closes with three appendixes that, although not necessary for the 
main results of this chapter, are related to the material discussed here. In appendix 
12. Al we discuss the basic representation theory of parabolic subgroups. Although 
this results are known from the work of Wolf et. al. [13], it is convenient to have 
them here to set the notation, and for easy reference. Appendix 12. Bl discusses 
the Plancherel measure of the space L^(P). Although not directly related to the 
Bessel-Plancherel measure, some of the ideas discussed there are used through this 
chapter. Finally in appendix 12. CI it is proved that the support of the Whittaker- 
Plancherel measure with respect to any parabolic subgroup is contained in the 
tempered spectrum. This result may be useful in future calculations of other 
Whittaker-Plancherel measures. At least they give us hope that this Whittaker- 
Plancherel measures may not be "too awful". 



47 



2.2 The asymptotic expansion of certain matrix 
coefficients 

Let (tt, H) be an admissible, finitely generated, Hilbert representation of G. 
Let V be the space of smooth vectors of H. Given v & V and X E V we can 
define a smooth function C\^y{g) = X{7i{g)v) for g E G. This function is called 
a matrix coefficient function. In this section we will describe some asymptotic 
expansions of certain matrix coefficients, ca,?,, where A satisfies certain properties. 
The exposition of this sections follows very closely the material developed in |23] 
and 121]. I decided to put it here as it is convenient to develop this results together, 
but if the reader so desires he can also look at the original exposition by looking 
at the references in the appropriate places. 

Let's start by specifying what we mean by an asymptotic expansion. 

Definition 2.2.1. By a formal exponential polynomial power series we will mean 
a formal sum of the form 

E ^'''J2P^At)e-''' (2.13) 

l<j<r n>0 

where pj^n is a polynomial in t for each j , n. 

The point here is that we do not care if the series converges. Fix such a formal 
series, then we may rearrange it in the following way: 

(2-14) 

with Uj G {zk — n \ l<k<r,n>0, nE N}, Re Mi > ReM2, . . ., and Pu^ is the 
sum of the pk^n with Zk ~ n = uj. We will call a gap of the series ii un > Un+i- 
If / is a function on M, we say that / is asymptotic as t — t- +oo to the formal 
exponential polynomial power series given as in ( I2.13P if, for each gap N, there 
exists constants G and e, depending on A^, such that 

\fi^)-Yl ^ Ce(^""^-^)* for t > 1. 

j<N 
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Notice that if is a gap then 

hm e-(^^^-)*|/(t) - Ve"^V«,(t)| = 0. 

j<N 

Lemma 2.2.2. Let 

l<j<r n>0 

and 

l<j<s n,>0 

be two formal exponential polynomial series such that Zj — z^, (respectively Wj—Wk) 
is not an integer for j k and pj o 0, g^.o 7^ 0. // both formal exponential 
polynomial series are asymptotic to the same function f , then r = s, and after 
relabeling wj = Zj, pj^n = <ij,n- 

This is precisely lemma 4. A. 1.2 in [23] . 

Definition 2.2.3. Let {7!',H) be as above, and let {Po,Ao) be a minimal p-pair for 
G. We say that X & V is tame with respect to {Po,Ao) if there exists 6 G a'^ such 
that 

\XX{'K{a)v)\<Cx,va\ 
for all X e U{q), v eV and a G Cl{A+). 

The important point in this definition is that 6 doesn't depend on the element 
X G U{q). Observe that if A G then A is tame for all minimal p-pairs 

{Po,Ao). The following proposition provides more examples of tame linear func- 
tional. 

Proposition 2.2.4. Let (vr,/7) be an admissible, finitely generated, Hilbert repre- 
sentation of G. Let P = NAM be the Siegel parabolic described in section lTT^ and 
let X be a character of N whose stabilizer, M^, is compact. //A G Wh^{V){f) (the 
f-isotypic component) for some r G M^, then A is tame for every minimal p-pair 
(Po, ^o) such that A C Ao- 
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Proof. By the Gelfand-Neimark decomposition g = n©m©a©n. On the other 
hand, according to the Iwasawa decomposition, m = ® (Xm ® , where = 
Lie{M^), and aM © C Lie{Po). Therefore = n © (m^ © Um © vim) © a © n, 
and hence 

U{q) = U{a © om © nAi)U{n)U{m^ © n). (2.15) 

The plan for the proof of this proposition is the following: we will show that 
if A e Wh^{V){f), then U{m^ © n)A C Wh^(y){f), and there exists S E < 
such that \X\{a ■ v)\ < Cx^vCi^, for all G Cl{A'^). We will also show that if 
A e Wh^{V){f) satisfies that |A(a ■ v)\ < C^a^ for all a e and X G f/(n), 

then \XX{a ■ v)\ < Cx,vO>^, for all a G Cl{A'^). Observe that in this case X\ may 
no longer be in Wh^{V){f). Finally, if |A(a • v)\ < C^a^ for all a G Cl{A^), and 
X G U{a © ttAf © riAf), we will show that \X\{a ■ v)\ < Cx,va^, for all a G 
It is then clear that all this statements, together with equation fl2.15p . are enough 
to prove the proposition. 

Given A G Wh^{V){f), set Wx = U{m^ © n)A and observe that this is a finite 
dimensional subspace of Whj^{V){f ). Let {Ai, . . . , A^} be a basis of Wx- Then for 
any given v E V, and every 1 < i < k, there exists 6i G a'^, and a constant Cj, such 
that 

\Xi{a ■v)\< da^^ for all a G Cl{A+). 

Let 5 G o'„ be such that a^^ < a\ for all 1 < i < A;, a G Cl{A+). If X G U{m^ © n), 
then there exists some constants bi{X) such that 

k k 

\XX{7i{a)v)\ = |^6i(X)Ai(7r(a)t;)| < ^ |6i(X)|Cia'^> < Ca^ (2.16) 

j=l i=l 

for some constant C. 

Let A G iy/;,x(V')(r) be such that |A(a ■ i;)| < aa'' for all a G C/(A+). Since 
A C Ao, we have that n = n fl Uo © n fl Uq. Let X G (n fl no)a for some root 
a G $(Po, Ao). Then 

|XA(a-t;)| = \X{X^a-v)\ = \X{aAd{a-^){X'')-v)\ = \X{a{a~'')X^ -v)] 

< Cx,.a'-'' <Cx,.a'. (2.17) 
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Now let X G (n n no)-;3 for some root /3 G $(-Po, ^o)- In this case we can always 
find F G (n n rio)^ such that xO^) 0- such a Y 

\YX{a-v)\ = \X{Y^a-v)\ = \X{aAd{a'^)(Y^) -v)] 
\x{Yma-v)\ = |A(a(a-OF^-t;)|<Cy,y~^ 

\Ha-v)\ < C'y^^a'-^, (2.18) 

where in the last step we are using that x(^) 7^ 0- Using this improved estimate 
we see that 

\XX{a-v)\ = \X{X'^a-v)\ = \X{aAd{a-^){X^) ■v)\ 

= \X{a{a^)X^ ■v)\< C'j,^,a^-^+^ < C'^^.a^ . (2.19) 

Since n is a direct sum of spaces of the form (n fl x\.o)a and (n fl no)-/3 with a, /3 G 
$(Po,^o), from fl^TTTl) and fl^TT^ we conclude that, if X G f/(n), then \XX{a-v)\ < 
Cx,va\ for all a G a(A+). 

Now assume that A is a linear functional such that \X{a ■ v)\ < C^a^ for all 
a G Cl{At), and let X G f/(ao) = U{a © aAf). Then 

|XA(7r(a)t;)| = \X{'K{X^)7c{a)v)\ = |A(7r(a)7r(X^)t;)| < Cx,va^. (2.20) 

Finally, let X G (nAf)« for some root a G $(Po,^o)- Then 

|XA(a-t;)| = \X{X'^a-v)\ = \X{aAd{a-^){X^)-v)\ = \X{a{a-'')X^ -v)] 

< Cx,y-" < Cx,.a^ (2.21) 

Since riAf is a direct sum of its weight spaces, from equations ( I2.20p and ( I2.2ip we 
conclude that |XA(a ■ f)| < Cx,vO'^ for all X G U{a © Um © ^m)- We have thus 
proved all the statements that we made at the beginning of the proof, so we are 
done. □ 

Let C G be a maximal compact subgroup. If (vr, V) is as above, we will 
denote by Vk the space of fC-finite vectors of V. Let Fi be a subset of ^{Pq, Aq), 
{Pi,Ai) be the corresponding standard p-pair, and let Pi = MiAiNi be the 
parabolic subgroup opposite to Pi. Set 

E(Pi, V) = {fxE (ai)'c I iVK/n,VK), ^ 0}, 



51 



where (Vft-/niVft-)^ is the generahzed /i-weight space of Vx/niVK, i.e., there exists 
d > 1 such that for all H E ai 

iH-fi{H)y{VK/n,VK), = 0. 

Now assume that ^{Pq, Aq) = {ai, . . . , a^}. Define Hi, . . . Hr E ao hj Oii{Hj) = 
6ij. Then we can define Ay G a'o by 

Av{Hj) = max{Re fi{Hj) \ /i e E{Po, V)}. 

The following theorem provides an asymptotic expansion for the matrix co- 
efficient function cx^j,, where v E V and A is a tame linear functional, and it's 
essentially a combination of theorems 15.2.4 and 15.2.5 in |24] . 

Theorem 2.2.5. Let (vr, H) be an admissible, finitely generated, Hilbert represen- 
tation of G, and let (Pi, Ai) be a standard p-pair with respect to the minimal p-pair 
{Po,Ao). If X E V is tame with respect to {Po,Ao) then 

i) There exists d > such that if v E V then for all a E CI{Aq) 

|A(a-t;)|<(l + log||a||)V-a,,(t;), 
for some continuous seminorm, (J\y, ofV. 

ii) If H E a^^^ , m E Mi and v eV then 

Mei?(Pi,y) QeL+ 

as t — )■ cxD, where Px^^^q '■ Oi x Mi x V —> C is a function that is polynomial 
in tti, real analytic in Mi and linear in V , and 

Lf = {^^n^aj I aj E ^{Pi,Ai) and Uj is a nonnegative integer}, 
j 

The proof of this result is complicated and first we will need to prove the same 
result, but for v E Vk instead of f G V^. Namely we need to first prove the following 
lemma (which is equivalent to theorem 15.2.2 in [24]). 
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Lemma 2.2.6. Let (tt, H) be an admissible, finitely generated, Hilbert representa- 
tion of G, and let (Pi, Ai) be a standard p-pair with respect to the minimal p-pair 
{Po,Ao). If X & {Vy is tame with respect to (Po,^o) then 

i) There exists d> such that if v & Vk then for all a e CI{Aq) 

\\{a-v)\<{l + \og\\a\\Ya^-a^M^ 
for some continuous seminorm, (T\y, ofV. 

ii) If H e a^^, m e Mi and v eVk then 

as t ^ oo, where Px,^,q : tti x Mi x Vk C is a function that is polynomial 
in Oi; real analytic in Mi and linear in Vk, and 

L'l — {^^njaj I ctj e $(Pi, Ai) and Uj is a nonnegative integer}. 

3 

Proof. We will start with the proof of i. 

Since A is tame with respect to (Po, Aq), there exists 5 G a' such that 

\\{a-v)\<a^(7x{v) (2.22) 

for some seminorm ax of V. Let A(Po,74o) = {Qii,...Q;/} and choose elements 
Hj e tto such that CKi{Hj) — 5ij. Then A = ^Ajaj and 5 — ^Siai, with Aj = 
A(ifj), Si — 5{Hi). The idea of the proof is to show that if 5i > Aj then we can 
replace 5i with Aj at the cost of possibly changing the seminorm ux and adding a 
polynomial term. 

Fix ai e A{Po,Ao) and set Ft = A{Po,Ao) - and Pi = Pp.. Then 
tti = M.Hi and any given a G CL{Aq ) can be expressed uniquely as a = a^a, with 
at = cxpitHi), t > 0, and a = exp{^ CjHj), with Cj > 0, q = 0. We will now 
make use of the i^T-finiteness of v. Let qi be the canonical projection of Vk onto 
Vx/niVK- We claim that 

if qi{v) = 0, then |A(a ■ v)\ < a^-"^a')^{v), (2.23) 



53 



for some seminorm cr^(f )• Effectively, let Xi, . . . , Xp be a basis of Uj consisting of 
root vectors with corresponding roots . . . , Pp. If qi{v) = 0, then v = "^XjVj 
and hence 

|A(a-t>)| = I X{aXjVj)\ 

< ^|A(Arf(a)(Xj)a-t;j)| 

< ^a^^|XjA(a-t;,-)| 

Here we are using the fact that if I3j is a root of fij and a E Cl{A'^) then a^^ < a~°'\ 
Given v G Vk, choose vectors v = Vi, . . . ,Vr € Vk, such that i), . . . , q{vr)} 
is a basis of U{ai)qi{v). Then 



(2.24) 



with Wj G rijV/^. Given a G C/(yl(]') such that = 1, set 

A(aia ■ f i) 



a, f ) 



and 



G(t, a, v) 



X(ata ■ Vr_ 
X{ata ■ Wi] 

X{ata ■ Wr) 



Then equation fl2.24p says that 

d 



—F(t, a, v) = BF(t, a, v) + G(t, a, v), 
at 

where B = [bjk]- Solving this differential equation explicitly we get that 

F{t, a, v) = e*^F(0, a, v) + e*^ [ e-'^G{s, d, v) ds. 

Jo 

Observe that, since v = Vi, 

\X{atd-v)\ < \\F{t,d,v)\\ < ||e*^F(0,S,t;)|| + ||e*^ [\-'''G{s,d,v)l (2.25) 
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here we are using the usual norm in C. We will now estimate the two summands 
in the right hand side of (I2.25p . 
By equation fl2:22|) 

\\F{0,a,v)\\ <a'ax{v). (2.26) 
On the other hand by the definition of A = Ay 

||e*^|| < (1 -I- t)*e*™ax{/i(_ffi) lM6B(Pi,v)} ^ _|_ ^-jdigtAi^ (2.27) 

Using equations ( 12.26P and (I2.27P we can estimate the first summand in the right 
hand side of f l2.25p . namely 

||e*^F(0,a,t;)|| < {1 + ty^e'^^a^ax{v). (2.28) 

To estimate the second summand of (12.25P observe that by equation ( I2.23P 

\\Git,~a,v)\\<~a'e'^'^-'^a'liv). (2.29) 

Breaking as a direct sum of the invariant subspaces of B, and using fl2.29p . it 
can be shown that 

f e-^^G{s,a,v)ds\\ < {l + t)<a^e'^^^-'^a'l{v) + Ci{l+tY^e'^^d^a'l{v). (2.30) 
Jo 

Finally, from (12:251) . (EilHD and (IZMj) we obtain the following bound 

\X{atd ■v)\<{l + t)<e*^'^=^^^-^'-^>aV;"(t;). (2.31) 

If Aj < (5j — 1 we can use the fact that (1 + t)<' < Ce*/2, for some constant C, 
to get equation fl2.22p again but for a new linear functional 6 gotten from replacing 
6i by 6i — 1/2. We can then repeat this same argument a finite number of times 
until we get Ai > Si — I. Observe that in the last step e*^' dominates e*^'''~^\ so, 
again from equations (I2.25p . ( I2.28P and (12. 30 p . we get 

\X{atd ■v)\<{l+ tY^e'^^d^axiv) (2.32) 



where di is as in equation fl2.27p . Observe that this di is independent of v. 
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To finish the proof of i, observe that if a G Cl{A^) then a = exp(^ tjiJj), 
for some tj > 0. If we repeat the argument leading up to equation (I2.32p for all 
i = 1, . . . , Z, we get that 

I 



|A(a ■v)\< a^{v) + t,)*e*'^' < a'^{v){l + log 



i=l 



for some d > and some seminorm cr^. 



We will now start the proof of ii. We will only prove this result for Pi = Pq the 
remaining cases being a consequence of this result. Fix a tame linear functional A. 
Let 

af = {H e ao+ I \\H\\ = 1 and a{H) > e for all a G $(Po, ^o)}, 

and set L = max{A(iJ) | H G Oo^, \\H\\ = 1}. Let qk be the canonical projection 
of Vk onto Vk/n^VK- Arguing as in the proof of (I2.23P we can show that 

if G a+ and qk{v) = 0, then 
\X{exptH ■v)\<{l+ tYe^^^-^'^ax{v) for all t > 0, 

where ax is a continuous seminorm on V. 

Given v G Vk, choose vectors v = Vi, . . . ,Vr & Vk, such that {qk{vi), . . . , qk{vr)} 
is a basis of U{ao)qk{v). Then, as in the proof of part i, we have that 



Hvj = '^hjk{H)vk + 



(2.33) 



(2.34) 



with Wj G xIqVk- Hence, if we set 



Fiv] 



and 



G{v) 



then, from equation fl2.34p . we get that 
d 



\{Vr) 
A(W71) 
\{Wr) 



—F{exptH ■ v) = B{H)F{exptH ■ v) + G{exptH ■ v), 
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where B{H) = [bjk{H)]. Solving this differential equation explicitly we get that 

F(exp tH-v) = e*^(^)F(w) + e*^^^) /* e-^^(^)G'(exp sH ■ v) ds. (2.35) 

Jo 

We will use this equation to derive an asymptotic expansion for X{exptH ■ v) for 
every H E af. 

Given H e a+, define E^jjiP, V) = {fi E E^{P, V) \ fi{H) > L- ke}. Observe 
that, since ^{P, V) is finite, there exists 6 > such that fi{H) > L — ke + 6, 
for all fi G E^ fj{P,V). Let P^^j be the projection of C^' onto the generalized 
eigenspaces of B{H) with eigenvalues of the form fi{H), for fi G E^ fj{P,V). Set 
Q^H — ^ ~PeH-> where / is the indentity map on C^. Starting with equation (I2.35p . 
and arguing as in the proof of i, we can show that 

WQlaFie^^tH ■ v)\\ < {l+tY'^e'^^-^'^ax{v). (2.36) 

On the other hand, from the fact that We'"^^^^ P^^W < C{1 + sYe<ke-L-S)^ ^^^^ 
statement fl2.33p . we get that 



|e~^^(^)pj;^G(exp sH ■ v)\\ < (1 + sy''e'^'''-''-^^e'^''-'''^ax[v ) 

\2d-sS, 



= (l + sye-^'axiv). (2.37) 
From the above equation, the integral 

POO 

/ \\e-'^^^^P^jjG{expsH ■ v)\\ ds < oo. 
Jo 



Set 



poo 

PIhF{v)+ / e-'^^^^Pl^Gie^vsH ■v)ds. (2.38) 
Jo 

Then the above estimates imply that 

||F(expti7 ■ v) - e*^(^)F,';^(t;)|| < (1 + tf''e'^''-^'^ax{v). (2.39) 
Using again that ||e-*^(^)P/;^|| < C(l + tYe*ike-L-s) ^ obtain that 

lim e-^^^^^P^jjFiexp tH ■ v) = F^jj{v). (2.40) 
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From this equation we can get the following identity 

F^^(y) = \im 6-^'+'^^'^^^ P^^HF{exp{s + t)H -v) 

= e-'^^^^ lim e-^^^^^P^jjFiexp tH ■ [exp sH ■ v]) 

= e-'^'-^^F^HiexpsH -v), (2.41) 

or equivalently, F^jj{exp sH ■ v) = e'^^^^^ F^jj{v). 

Set f^fj{t,v) equal to the first component of F^fj(exptH ■ v). Then 

fUt^v)= J2 e'^'-'^^^^^PU.dt^v) (2.42) 

liGE{P.V), QeL+ 
Rc{i.i~Q)(H)>L-ke+S 

for some polynomials h ^ qi^ i ■ Observe that, as long as ke> L + 5 + Re((5 — 
li){H), this polynomials are independent of k, so, if we let k — )■ oo, we can use 
equations (I2.39P and (I2.42p to define an asymptotic expansion for X{exptH ■ v). 
Since asymptotic expansions are unique, the polynomials appearing in the expan- 
sion are independent of the e > chosen. Summarizing, we have shown that, given 
H G a^, there exists polynomials PH,fi,Q{t,v), such that 

A(exptff ■v)r^ Yl e*(^"'^^^''W,M,Q('^,^), 

fj,&E{Po,V), Q€L+ 

as t — !■ OO. To finish the proof, we need to show that the PH,ii,Qit,v) are actually 
polynomial on Oq. 

Let Hi,H2 G a+. If we can show that P^H2^eHii'^) = H^^e h^z^'") ^ ^^^^ 
have finished the proof of the lemma. To simplify notation, we will write Pi for 
P^u^i Fi for F^^_^, and analogously for P2 and F2. We will start by making the 
following simple observations: Since Hi,H2 G a^, then 1 > {Hi,H2) = c > 0. 
Therefore, if s,t > 0, 

{sH^+tH2,sH^ + tH2) = s^{Hi,Hi) + 2st{Hi,H2)+t^{H2,H2) 

= + 2stc + > c^s^ + 2stc + f = {sc + tf. 

The upshot is that we have shown s + t > \\sHi + tH2\\ > cs + t. Now observe 
that, if /i G E^j^^{P, V) n E^jj^{P, V), then fx{Hi) , fx{H2) > L-ke + 5, and hence 

^ \\\sHi + tH2\\ J - s + r ^ ^ 
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Making use of this observations, and of equation ( I2.37p . we can check that 

||e-^(^^^+*^^)P2PiG'(exp(sii'i + tH2) ■ v)\\ < (1 + \\sHi + tH2\\y''e-^^^''''+''''^^ 

X ax{v) 

< {l + s + tf''e~^^''+'^ax{v). (2.44) 



Hence, by the definition of 



e-*^(^2)p2Fi(exp tH2 ■ v) = e'^^^^^'^ P2P1F {e^^ tH2 ■ v) 

POO 

+ / e-^^'^'+'"''^P2PiG{exp{sHi + tH2)-v)ds, 
Jo 

where the convergence of the last integral is guaranteed by equation ( I2.44p . Taking 
the limit as t — )■ 00, and using again equation (I2.44p . we get 

lim e-*^(^2)P2i^i(exp tH2 ■ v) = lim e'^^^"'^ P2PiF{ex.ptH2 ■ v) + 

t—^00 t—>oo 

= PiF2{v), (2.45) 

where the last equality follows from equation fl2.40p . But now, using equation 
( I2.4ip . we have that 



Q-sB(H,) e-'^^^'^P2Fi{exptH2 ■ [exp sHi ■ v]) = e-'^^"'^PiF2{exp sHi ■ 



V 



t—¥oo 



hme-^^^^^'^P2Fi{exptH2-v) = PiF2{v). 



t—^OD 



Using this identity, and reversing the roles of Hi and H2 in equation fl2.45p . we get 
that 

\ime-^^^^'^PiF2iexptHi-v) = P2Fi{v) 

t—^oo 

\imP1F2iv) = P2Fi{v), 

t—^00 

as we wanted to show. □ 

With this result at hand we will now start the proof of the theorem. 

Proof (of theorem). Once again we will only consider the case Pi = Pq, the re- 
maining cases being a consequence of this result. The plan for the proof is teh 
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following: Given H E O-q such that a{H) is an integer for all a G $(-Po) we will 
show that, for any v E V, the matrix coefficient Ca,i, has asymptotic expansion 

p 

X{exptH-v) ~ ^e^'*^pi,„(t,t;)e-"*, (2.46) 

1=1 n>0 

where pi^n{t,v) are functions that are polynomial on t and continuous on v. Since 
asymptotic expansions are unique, if f is a ii"-finite vector, this asymptotic expan- 
sion must coincide with the asymptotic expansion given in lemma 12.2.61 Now using 
that the pj n are continuous, and that Vk is dense in V, we see that this asymptotic 
expansion should be of the form specified in the statement of the theorem. 

To get the asymptotic expansion described in (I2.46p . we will first need to make 
some observations. By the Gelfand-Naimark decomposition g = Uq © trio © Oq © Uq. 
Let p : — y mo©0o be the canonical projection with respect to this decomposition. 
It's a known result of Harish-Chandra that there exist elements 1 = Ci, . . . , G 
■^((tTio)c © (cio)c) such that 

Z{{mo)c © (ao)c) - 0p(^(0c))ei. 

i 

In particular for all H E a^, there exist elements Zij G Z{q), such that Hci = 
Ylj P{^ij)^j- Let {Xi, . . . ,Xp} be a basis of no consisting of root vectors with cor- 
responding roots G <l>(Po,^)^- Then, there exists Yijk G U{g) 
such that Zij = p{zij) + Ylik^kYijk, and hence 

Therefore, given v E V, if we set Uik = dijk^j, then we get 
Hci-v = ^ X{zij)ej -v XkUik ■ v. 

j k 

Let q be the canonical projection of V onto V/nV. The above equation implies 
that U{ao)q{v) is contained in the span of ei ■ q{v), . . . ,eci ■ qiy). Set Xij = xi^ij), 
and let zi, . . . ,Zp be the generalized eigenvalues of the matrix [xij]- Now observe 
that 

HXkCjUik ■ V = ak{H)XkejUik ■ v + ^XkXjieiUik ■ v + ^XkXsUsjUik ■ v. 

I s 
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Let q2 be the canonical projection of V onto V/v?V . Then, from the above equa- 
tion, we see that the span of the Cj ■ f 's and the X^CjUik ■ f 's contains the subspace 
U{aQ)q2{v) of V/n^V. Furthermore for fixed i,k the subspaces generated by the 
XkGjUik ■ V are invariant under the action of iJ, and the generahzed eigenvalues 
associated with this action are of the form Zs — ak{H). If we continue with this 
process, we can find a finite number of generating vectors for U {(Xo)qk{v) on V/n^V . 
Furthermore the action of H on this subspace has generalized eigenvalues of the 
form Zs — m with m a non negative integer (because ak{H) is a non negative in- 
teger for all k). If we now proceed as in the proof of lemma [2.2.61 we would get 
an asymptotic expansion as the one described in (I2.46p . To finish the proof of the 
theorem, we just need to refine the above argument to include all H & , which 
is easily done. □ 



2.3 The Schwartz space for L^{N\G]x) 

Before giving the definition of the Schwartz space for L'^{N\G; x), we will first 
recall the definition of the Schwartz space for L'^{G), and some of its properties. 

Definition 2.3.1. If f E C°^{G), X,Y E U{gc), and dEN, set 

qxMf) = sup \LYRxfigmg)-\l + log ||^?||)^ 

where S is Harish- Chandra's "S-function". We define the Schwartz space of G to 
be 

^{G) = {fE C^{G) I qxMf) < oo for all X,Y E U{qc), d E N}. 

If we endow ^(G) with the topology induced by the seminorms qx,Y,di then 
^{G) becomes a Frechet space. Furthermore, it is well known that G^{G) C 
^{G) C L'^{G), and that this inclusions are continuous and dense if we use the 
usual topologies on this spaces. 

Let P = MAN be a Siegel parabolic subgroup of G, with given Langlands 
decomposition. Then we will fix, as usual, a generic character x of 
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Definition 2.3.2. If f e C°^{N\G;x), X e U{qc), and di,d2 G N, set 

gxA,d,(/)=supa(^)-''SMM5))-^(l + log||a(5)||)^H(l + log||m(^)||)'^^|i?x/(^)|. 
geG 

Here Em is the "E-function" for the group M. Define the Schwartz space for 
L'^{N\G;x) to be the space 

^{N\G; x) = {/ e C^{N\G; x) \ qx^if) < oo for all X e U{qc), d,, d^ e N}. 

We will endow ^[N\G] x) with the topology induced by the seminorms qx,di,d2- 
Then it is easily seen that ^{N\G;x) is a Prechet space and that the space 
C^(N\G;x) of all / e C'^(N\G;x), such that |/| e C^(N\G), is dense in 
nN\G;x)- 

Lemma 2.3.3. If f e ^(iV\G';x), then f e L'^{N\G;x)- FuHhermore, there 
exists di, o?2 G N and < C < oo such that \\f\\2 < C'?i,di,d2(/)- 

Proof. Let di and ^2 be so large that 

/ (1 + log \\a\\)-^'^' da^C\< oo, 

J A 

and 

/ EM{m)\l + log \\m{g) W)'^"^ dm ^ Cj, < oo, 
for some positive constants Ca and Cm- If / G '^{N\G;x)j then 

\f{nanik)\ < a^{l + log\\a{g)\\)-''^EM{m){{l + log\\m{^^^^^ 

Thus, 

II/IP = 

< 
< 

□ 



f \f{g)\^dg^ III a-^P\f{amk)\^dadmdk 
Jn\g J a Jm J k 

qiMiff f (l + log||a||)-2*da / E{m)\l + log \\m{g)\\)-"'- dm 
J A Jm 



62 



Lemma 2.3.4. Let e <^(A^\G; x) and f E ^(G). Then 

4>{9)f{9)dg=: (0,/) 



G 

converges absolutely and there exist continuous seminorms qi and q2 on ^{N\G; x) 
and'lo{G), respectively, such that |(0, /)| < qi{4>)q2{f)- 

Proof. We are looking at 

a^^^x(n)0(amA;)/(namA;) dn da dm dk. 




'N J A JM JK 

Now for each di,d2, we have 

\(P{amk)\ < gi,,„,,(0)a''(l + log \\a\\)-''^E{m){l + log \\m{g)\\)-''\ 

Thus, 



\(l)ig)fig)\dg < 51,^1,^2(0) / a ''(l + log||a 

G J NxAxMxK 



di 

d2 I 



X Sjvf(^)(l + log ||m((yf)||) ^\f(namk) \ dndadmdk. 

In the proof of theorem 7.2.1 of |23], it is shown that there exists p, a continuous 
semi-norm on ^(G) such that 

a~PEM{m)-' [ \f{nam)\dn<p{f). (2.47) 

Thus, if we take g2(/) = ^'^PkeK Pi^kf), then we have 

[ \mfi9)\dg < gM„,,(0)g2(/) /(l + log||a||)-'^Ma 
Jg J a 

X / H(m)^(l + log ||m(5()||)-'^2) rfm. 
Jm 

If di and d2 are sufficiently large, then the integral on the right converges. There- 
fore, if we take qi = qi^di,d2' with di and d2 large enough, we obtain the statement 
of the lemma. □ 

Note that equation fl2.47p immediately implies the following lemma: 
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Lemma 2.3.5. If f E ^(G), set 

fxia) = / x{nY^f{ng) dn. 

J N 

The integral converges absolutely and the map f ^ is continuous from ^{G) to 
^{N\G-x)- 

Let (vr, Ht^) be an irreducible, square integrable, Hilbert representation of G, 
and let V^^ be the space of C°°-vectors of H^^. Then (vr, VJr) is an irreducible, 
Frechet representation of moderate growth. Now, let H'^ be the dual of i/^r, and let 
(vr', H'^) be the contragradient representation defined by {-k' {g)(j)){v) = (f){7r {g)'^^v) , 
for G H'^, V G -f^TT, g E G. Let V-^ = Vf^ be the space of C°°-vectors of H'^, and let 
TT = n'lvfr- Then (tt, Va) is also an irreducible, Frechet representation of moderate 
growth. Observe that there is a natural G-invariant bilinear pairing 

(-,■): 14 xK^C 

given by {(t),v) = 0(f). 

Lemma 2.3.6. Given G 14, and v G K-, define 
Then c^^.u G ^(G). 

Proof. Let g E G. According to the i^'AfT decomposition, there exists fci, ^2 ^ K., 
and a G such that g = kiak2. Hence according to part i) of theorem I2.2.5[ 
there exists di > 0, and continuous seminorms qi, q2 on V^, 14, respectively, such 
that, for all X,Y E f/(0c), 

\LyRxC^A9)\ = \{^{h)-'fc{Y)<j),n{a)n{k2)7r{X)v)\ 

< (1 + log \\a\\y'a%{7f{k^)-H{Y)<f))q2{7r{k2)n{X)v) 

< (l + log||a||)'^^aV(0)gx(^^), 

where gY(0) = sup^g^ gi(7r(A;)-^7f (F)0), and qx{v) = sup^g^ g2(7r(A;)7r(X)i;). On 
the other hand theorem 4.5.3 of |23] says that there exist constants G, d2 such that 

a-P° < E{g) < Ga-P°{l + log \\a\\f\ 
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Therefore, for all c? > 

\LyRxC^M\'^i9)-\l + log \\g\\Y < qYmx{v){l + log ||a||)'^i+V+^°. 

But now since V.,^ is square integrable, A+po ^ ~^^o- Hence there exists a constant, 
Cx,y,d, such that \Ly Rxc^,v{,g)\'^{,g)^^ + log < Cx,y4 for all g E G. Since 
X, y and (i were arbitrary, we conclude that c^^^ G ^(G) as we wanted to show. □ 

Proposition 2.3.7. Let {tt,H„) be a square integrable Hilbert representation ofG, 
and let P = MAN be a Siegel parabolic subgroup with given Langlands decomposi- 
tion. Let X be a character of N whose stabilizer in M is compact, (r, Hr) an 
irreducible, finite dimensional representation of and let iy/i^(V^)(f) be the f 
isotypic component ofWh^iV.,^) under the action of M^. Given A G Wh^{VTj){f) 
we will set T\(v) = Ca,^. Then T\ defines a continuous intertwiner operator be- 
tween Vj^ and 't^{N\G;x){^) (the f isotypic component of 'io{N\G\x) under the 
left action of M^). Furthermore, each T\ extends to a continuous intertwining 
operator from H to L'^{N\G;x){^)> ^^i^d 

}iomG{H,L\N\G;x){f)) = {Tx\\e Wh^{V^)if)}. 

Proof. We will first show Tx{v) G ^{N\G; x)(t) for all v G K-- According to the 
Iwasawa decomposition, given g E G, we can find n E N, a E A, m E M, and 
k & K such that g = namk. If we now use the KAK decomposition for M, we 
can find ki, ^2 ^ and G {Ao fl M)+ such that m = kiamk2- Therefore 

\RxCx,v{g)\ = \7T^{kin)~^\{Tc{aarn)7i{k2k)7c{X)v)\ 

= |x(n)7r'^(A;i)"-^A(7r(aa„)7r(A;2A;)7r(X)f)| 

= |7r^(A;i)-^A(7r(aa„)7r(A;2A;)7r(X)t;)| (2.48) 

Now, since Ty/i^(\4)(f) is finite dimensional, there exists Ai, . . . , A^. G Wh^(yT,){f) 
such that 

7i^ik)\ = J2Mk)\i, 
for some functions 0i, . . . , 0^ ^ C°°{M)^). From this and equation ( I2.48P 

\RxCx,v{9)\ = I y^^4>i{k)Xi{Tr{aam)rr{k2k)7i{X)v)\ 

< J2 \Mk)\\>^^{Aaam)7^{k2k)7T{X)v)\. 
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Now let Q be a minimal parabolic subgroup, such that aa^ € CI{Aq). Then, by 
part i) of theorem I2.2.5[ there exists d > 0, and continuous seminorms cr^i such 
that 

< + log II aa„ II 

< Cxil + log ||a||)2'^(l + log ||a™||)2'^(aa„)^« 

where 

Cx= sup 5^|0,(A;i)||axX7r(A;2)X.;). 

Observe that Aq = —fig — pq with fiq G ^Oq. Now, since 

rio = Uo n Uq © Uo n riQ = rio n riQ © rio n Uq, 

then po = -Pq + 5q, with 5q G Cl(+aQ) and also po = Pq-Iq, with 7q G Cl(+aQ). 
Therefore A = —pq — 6q + po = —pq — Iq — Po- On the other hand theorem 4.5.3 
of [23] says that there exist constants C, d2 such that 

a""" < < Ca-P^{l + log ||a||)'^^ 

Therefore for all di, d2>Q 

\RxC)^M\'^M{m)-\l + log ||a™||)'ni + log \HY'ci'' 
< Cxil + log lla^lD'^i+^d^^ ^ \\a\\f2+2d^-^Q-5Q+p^^j.Q-fQ-Po^-p^p^ 

= Cxil + log lla^lD'^i+^d^^ ^ ||^||^,,+2d^_^p-5Q^-Mc3-7Q. 

Now, since pq G ^Qq, and 6q, '~fq G 01(^0^), we conclude that there exists a 
constant Cx4^,d2 such that 

\RxCx,.ig)\'^Mim)-\l + log ||a„||)'ni + log \HY'ci'' < CxAud^- 

Since X, (ii and were arbitrary we conclude that cx^^ G ^iN\G; N) as we 
wanted to show. 
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We will now define a new G-invariant inner product on V-^ in the following way: 
given Vi, V2 G we have that Tx{vi), Tx{v2) G '^{N\G; N), and hence, by lemma 
[2X31 Tx{v2), Tx{v2) G L\N\G). Set 

(^^i,^^2)a = {Tx{v),Tx{w)). 

Then it is clear that (■, ■)a is G- invariant. Therefore, by Schur lemma, 

{vi,V2)x = {Tx{vi),Tx{v2)) = c{X){vi,V2) 

for some constant c(A). Thus Tx extends to a bounded operator from H to 
L'^{N\G; x){t~)- We therefore see that 

RomG{H,L\N\G;x)if)) D {T, | A G Wh^iV^){f)}. 

To prove the other inclusion observe that if T G HomdH, L'^{N\G;x){^))> then 
T maps G°° vectors to C°° vectors and defines a continuous intertwining operator 
on smooth Frechet representations. Now L'^{N\G;x){^)°° C G°°{N\G]x){^) 
evaluation at 1 is continuous on L'^{N\G]x){^)'^ ■ Define Xt{v) = T{v){l) for 

V G Vtt. Then, At G Wh^{V-^){f) and T = Txj,. The result now follows. □ 

2.4 The generalized Bessel-Plancherel theorem 

After the work done in the previous two sections, we are finally ready to tackle 
conjecture 12.1.11 We will focus on proving the decomposition given in equation 
f l3.13p . and we will then show how we can use this result to prove the generalized 
Bessel-Plancherel theorem given in fl2.12p . 

We will start by considering an irreducible, square integrable, Hilbert repre- 
sentation (tt, Htj) of G. Let Vj^, V^- be as in the past section, and let G V^- and 

V E he arbitrary. By theorem 12.3.61 the function c^^^, G ^(G), and hence, by 
lemma [2. 3. 5[ the integral 

/ x{nr^{(t>,n{n)v)dn 

J N 

converges absolutely. Therefore, we can define a map 

: Wh^{V^) 
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by 



J N 



When it's clear from the context what the the representation vr is, we will sometimes 
drop the suffix vr and denote this map simply by W^. Observe that the matrix 
coefficient function cwx(^)^v G ^{N\G; x): ^-Iso observe that R{g)cwx{cf)),v = 

CWx{<l,),n{g)v 

Lemma 2.4.1. With notation and assumptions as above: 

1. is M^N equivariant. 

2. There exists a non-degenerate, hermitian form {■,-)tt on W^iVj,) such that 



'TT 



where d^^ is the formal degree of it. 



3. For all 0i, 02 e V^, 




Here dx = dX{x) in the notation of equation ^2.2\] . 



4- If ^ Kr; V G then 



where v is the element in \4 defined by v{w) = {v,w), for all w E 



5. There is a non- degenerate bilinear pairing 



{■,-)^:W^{y^)xw^{y^) 



c, 



given by 



{W{v),W{(i))) 
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Proof. Part [T] of this lemma follows directly from the definition of so we will 
start with the proof of [21 Given Ai, A2 G Vr^(V^) define a G-invariant inner product 
on K by 

Ai,A2 

Since this inner product is G-invariant, then, by Schur lemma, there exists a con- 
stant (Ai,A2)7r such that 

d^{cXuvi,C\^,V2) = {Vl,V2)\,,X2 = (Al, A2)7r(^^l,^'2)• 
It is then clear that the bilinear form (-, defined this way is hermitian and 
non-degenerate. 

We will now prove part [3l By classical Fourier analysis, if / G L^{N) fl L'^{N), 
then 

/ Jinjfin) dn = (/, /) = (/, /) = / W)fix) dx- (2.49) 
Jn J n 

Hence, if 0i, 02 G \4, and fi,f2 G Kr, 

(c0i,„i, C(^2,«^2) = / {cwx(^(j,^)^vx-,cw^{<j>2),v2) dx 
Jn 

^{^,,^,){V,,V2) = [^^{W^i<P,),W^i(i)2))Avi,V2)dx. 

Here we are using that c^-^^^^, c^2,v2 i'^ ^^i-^) ^ L'^{N) when restricted to A^, 
according to lemma 12. 3 .51 and lemma I2.3.6I Since this equation holds for all f 1, f 2 G 
Vt,, we conclude that 

(01,02)= [{W^ih),W^{<P2)).dx. 
We will now move to part |H From part [21 

{cwx(<p,),v^,Cwx{<t,2),V2) = ^{W^{(pi),W^{4)2))^{vi,V2). (2.50) 
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On the other hand, by definition 

(Ciyx(0i),l,i, Ch/X(^2),1'2) 



W^{<Pi){Ti{g)vr)W^{<P2){Ag)v2)dNg 

N\G 



x{ni){(f)i,TT{nig)vi)dni / x(«2) ^{(p2,'n-{n2g)v2) dn2dNg 
n\gJn Jn 




Xinin^ ^)(0i, 7r(ni5f)f i) (02, T^{n2g)v2) drii dn2 dNg 



N\G JN Jn 




x{ni) (01, TT{nin2g)vi) (02, vr(n25')f 2) drii dn2 dNg 



N\G JN JN 



Xi^i) / / {7c{ni) ^(l)i,TT{n2g)vi) {(j)2,7r{n2g)v2) dn2dNgdni 

N Jn\G JN 



Xini) / (T^ini) ^(l)i,TT{g)vi){(l)2,iT{g)v2)dgdni 

N JG 

Xi^ir^ — {TT{ni)(f)i, (f)2) {vi, V2) drii 
x('^i)~^J-(02,vr(ni)0i)(fi,t;2) drii 

N "'TT 

= ^W^{(P2){^,){VI,V2). (2.51) 
dn 

Now, since equations f|2.50p and f l2.5ip hold for all fi, f2 € V.^, we conclude that 

W^^(02)(0l) = (l^^(0l), 1^^(02))., 

which is equivalent to the equation appearing in part HI 

Finally, for part [5] we only need to check that the definition only depends on 
W^{v), but by parts 

{W{(f)),W^{v))^ := {W{v),W>'{(f))}^ = W>'{(f)){v) = W^{v){(f)), 

where the last equality follows from the intrinsic symmetry between and v in the 
definition of Vr>^(0)(t;). □ 

We will denote by W^IHt^) the closure of H^^(Vff) with respect to the inner 
product (■, ■)^. When it is clear what the representation vr is, we will also drop the 
suffix 71 in the notation of this inner product. 
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Let P = MAN be a Siegel parabolic subgroup of G, with given Langlands 
decomposition. Given x G iV and p & P, define 

by {7r{p)X){v) — X{7r{p)~^v), for A e Wh^{VTr), and v e T4- Observe that, if pi, 
P2 e P, then 7r(pi)7r(p2) = 7^'(PiP2)- Also observe that, if e 14, 'J^ £ then 



{Tf{p)W^{(f))){v) = iy^((/))(7r(p)-^^;) = / xH~^(</',7r(n)7r(p)-^'t;)dn 

Jn 

x(n)~^(0, 7r(p)~^7r(pnp~^)t') 



x(p~^np)~^(7r(p)0, 7i{n)v)6p{p) dn 
= 5p(p)W^^'->^(7r(p)0)(^;), 



where 6p is the modular function of P. Since f G was arbitrary, we conclude 
that f{p)W^{(l)) = 6p{p)WP-^{n{p)(p). 

Let Q be the set of open orbits for the action of P on N. For every w G fi, we 
will fix a character Xu> G uj. Now, given G T4, we will define f(t>,iji{p) G H^'^(\4) 
by 

Set /^(p) = Eu,en/<A,C^(P)- 

Proposition 2.4.2. T/ie map (t> ^ fcj, induces a P-equivariant isometry between 
and e^gn Ind^^^ W^^ {H„) . 

Proof. Let G then 



{f4>J't>) = / {Uip)^Uip))dp 

Jm^^n\p 



AT 
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Now given / e Indj^^^j^ define 0/ by setting 

Then 

(0^,0^) = [{WH(i>f),w^{(i>f))^dx 

JN 



= / {f{p)J{p))dp 
Jm^^n\p 

= (/,/)■ 



Besides 



wefj wen 

and 

which imphes that 4>f^ — 4>. □ 

We now want to construct a map analogous to in the case where (vr, H^) 
is an induced representation. Let Pq = MqAqNq be a minimal parabolic subgroup, 
and assume that P = MAN is a Sicgcl parabolic subgroup dominating Pq- Let 
Pi = MiAiNi be another j:)arabolic subgroup dominating Pq. If {a, H„) is an 
admissible, Hilbert representation of Mi, and v e (cii)^ — Lie{Ai)'^, we will set 



/ is C°°, and f{namk) = Pa{m)f{k) 
for all n e iVi, a e Ai, and m e Mi 



Here Pi = MiAiTVi is the parabolic opposite to Pi, p is half the sum of the positive 
roots of Pi relative to Ai, and is the set of smooth vectors of H^. We will denote 
by the completion of this space with respect to the inner product 



(/,/)= / {m,f(k))dk, fei:°,, 

Jk 
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where K C G is a maximal compact subgroup. 

Let X be a generic character of A^. Then, according to theorem ll.5.4[ there is 
a subset of the Weyl Group of M such that 

IJ Pm,iwM^ C M (2.52) 

is open and dense, here Pa/,i = A n M. Set M^^ := fl Pi and N^^ = N (1 Ni. 
If (a. Her) is unitary, and u G ia'i, then for all / G /o-,;/ 



{f {niwm) , f {niwm)) drii dm. (2.53) 



Set 

f/<,,. = {/G4~J supp/cPiP}. 

Then, by (I2.52p and (I2.53p . Ua,u is dense in I^^i, and P-invariant. Given / G t/o-,!/ 
we will set 

JUf)= I X{ni)-'f{n,)dn,. 
Jnn^ 

We will now consider the natural G-invariant pairing between I^,^ and Ia,-u 
given by 

(0,/)= / i<Pig)J{g))dg, 

JPi\G 

where dg = a^'^^dk for g = namk, G iVi, a G v4i, m G Mi, k & K. If G Ua-u, 
and m G M^, we will set 

W^f{(f)){m) = W^'Jl_^{7T{wm)(j)) G VT^H^-), 
where Xi = x\nm^^ ^^h = N n Mi. 
Lemma 2.4.3. If m G M^^, then 

where a'^{m) = cr{wrhw^^). 
Proof. By definition 

W^f{(l)){mm) = W^KJl_^{7r{wmm)^) 

= W^^ i / x(ni)^^0(ni(wmw~^)wm)(ini J . 



Set = wmw E M^-^ . Then 



W^'^{(j)){mm) = W^^i / x{ni)~^(l){m'"{{m'"r^nim'")wm)dni 

= W^'^l [ x{niy^a{m'^)(l){{{m'")-^nim'")wm))dni 
Now since normalizes Ni we have that 

Jnn^ 

= &{m^)W^^{ / x(ni)~"^0(niwm)(ini 
= a{m^)W^^{ / x(r2i)^"'^0(niwm)(ini 



Lemma 2.4.4. If (f) e U^-u and f G UaM, then c^j\n G L^{N) fl L'^{N) and 
[ x{nMAn)-'f)dn= ^ / (iy,>;f (0)(m), iyjL^(0)(m)) rfm. 

Proof. From equation (I2.53P 

\{<P,n{n)-'f)\dn 

N 

{(f){nikn), fijiik)) drii dk\ dn 



N JKm^\Km JNf,^ 



< / \{(f){nikn), f{nik))\dnidkdn 

Jn Jkm^\Km Jnm^ 



< / / \{(f){nnik), f{nik))\ dn dui dk 

'km^\Km Jnm^Jn 



< / / / \{o-{nm)(f){n2nik), f{nik))\dnmdn2dnidk 

< I [ [ \WMn2k))ifin,k))\dn2dmdk 

< [ [ [ \{W^{(p{n2k)),W^{f{nik)))\dn2dmdk. 

JKm^\Km JNm-, JNn^ 
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Now, since the support of 0, / is compact modulo Pi and contained in PiP the 
last integral is convergent. Since n i— (0, 7r(n)^^/) is continuous, bounded and L^, 
then it is also L^. Now 

xin){(j),Tc{ny^f)dn 

y / / / x{^){4'{^iwrnn), f{niwm)) dnidmdn 

/ / / x{^){4'{''^i'^^'f^)-, f{^i'^^)) dnidmdn 

/ / / x{^){4'{^'f^i'^^)-, fi^i'^'f^)) dndnidm 



X{nmn2){c''{nm)(l){n2niwm), f{niwm)) dum dn2 dui dm 

Nn^ JNm^ 

/ 11 x{'iT'2ni^)W^^{(p{n2wm)){f{niwm))dn2dnidm 

x(^2)x(^i) "'^(W^ctH0(^2'W^^)), {f {niwm))) dn2 drii dm. 



□ 

With this results in place, we are now ready to state the analog of proposition 
12.4.21 for induced representations. This result is a very important step in the way 
of proving equation (I3.13p . 

Proposition 2.4.5. Given G U^-u, define 

The map h-> ^ f4,.u),w extends to a P-equivariant isometry between la-v and 
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Proof. Observe that, by the definition of W^'^ ^ if m G M^, then 
Hence, if G U^-u, 

^ f4>,u),w^ ^ ^ f 41,01,10) 

Y.I I (H^.^f(vf(p)0)(m),W^jL^(vf(p)0)(m))rfmrfp 

, , .„ JMv, ,N\P J M,^,.-,, \Mv 



u>,w 



E/ / iw^::fmm),w^::"Mim))dmdx 




X{n) ^(0,vr(n) ^(f))dndx 

In J n 



where in the last step we have used lemma 12.4.41 and Fourier inversion formula. 
We can extend this map to an injective isometry between the Hilbert spaces Icr,-u 
and ®^^^\n([^^^^^^^j^W{^^)^{H„v.). Now since 

and W^'^''^{y„w) is dense in W^^{H(jw) we conclude that this extended map is 
surjective. □ 

We will now show how we can use this results to prove conjecture 12.1.11 Let x 
be a generic character of A^. From abstract representation theory, we have that as 
an M^-module, 

Indj;;;^ W^^H^.) - / W:^^{r) ® r* d<^(r) (2.54) 

for some measure r/^^ that depends on o", Xi ^iid some multiplicities Wa.xi^) that 
also depend on a, r and w. On the other hand, if (Pi, Ai) is a standard parabolic 
subgroup with respect to (Pqj^o), then we will write (Pi,Ai) >- (Po,Ao). Let 
E2{Mi) be the set of irreducible, square integrable representations of Mi up to 
equivalence. Then Harish-Chandra's Plancherel theorem states that 



(2.55) 
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where (o'^)^ is the positive Weyl chamber of a'^ relative to Pi, and ficr is a measure 
on {a'l)^ that can be calculated explicitly. On the other hand, by proposition 12.4.5] 
and equation f l2.54p 

UJ.W 
UJ,W 

= W^."x(^)®I^d^x^^*<x(^) (2-56) 

Hence, by equations (I2.55P and equation fl2.56p 
L\G) ^ 0/ W^.",(r)®Ind^^^r*rfr/-^(r)®J.,.rf/x.(z/) 

Where in the last equation we have used that 77^^ is independent of u to reverse 
the order of integration. On the other hand equation (12. 7p says that 

wen •'^'^xu -^G 

From this two equations, we conclude that rj^^ is absolutely continuous with 
respect to rj, fi^^^ is absolutely continuous with respect to fi and W^^r{Ia,u) — 
^^W^^{t). Using this, and the series of equations leading to equation (12. 7p . we 
conclude that 

L\N\G-x)= [ [ W^^r{n)^r* ^7rdr]{T)dfi{n), (2.57) 

Jg JMx 

as we wanted to show. 

2.5 The Fourier transform of a wave packet 

Let P = MAN be a Siegel parabolic subgroup of a Lie group of tube type G. 
In the last section we proved the generalized Bessel-Plancherel theorem, that is, we 
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showed that if % is a generic character of N, then 

L\N\G;x)^ if W^,r{7r)<»r*<^7rdr)ir)di^i7r), 
Jg Jm^ 

where rj, /i are the Plancherel measures of and G respectively, and H^^ .^(7r) is 
some multiphcity space, that we identified with a subspace of Wh-^^^ri'^)- What we 
want to show now is that if is compact, then W^^T-{7r) is actually isomorphic 
with Wh-^^riT^), and hence finite dimensional. 

Fix a generic character x of with compact stabilizer, and let be the orbit 
of X under the action of P on TV. Then we have the following lemma 

Lemma 2.5.1. Let {a, Ha-) be an admissible, Hilbert representation of M. Given 
V e a^; denote by l^^v the representation induced from the opposite parabolic to P 
by a and v. Let e ^T-v such that 

4>\n G L^{N) n L'^{N) and supp0 C is compact. 

Let f e /^j, be arbitrary. Then 

JN 

if we use the convention that J^1{f) = if xo ^ O^. 
Proof. Observe that, for all Xo G ^, 0(Xo) — J^°-i,{(t>)- Now 

(0,/)= / {<p{n)J{n))dn. 
Given A < 0, let e I^^ be defined by 

f^{k{n)) = a{nff{k{n)) A e a' real, 

where n — n{n)a{n)m{n)k{n), with n{n) e N, a{n) e A, m{n) e M, k{n) e K. 
Set 

$(0,/,z/,A)= / {(t^{n)j\n))dn. 
Jn 

Then $ is continuous for A < 0, and analytic for A < 0. Now for A -C 

$(0,/,i/,A) = / {<j){n),a{n)'f{n))dn. 
Jn 

- /(^f-.(0),OA(/))^Xo. 
Jn 
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On the other hand, if we set 

1.(0, /, ^, A) = / ( Jf_U0), JZ+xif)) dXo, 

JN 

then $ is analytic for all A and, for A <^ 0, $(0, /, A) = $(0, /, A). Therefore 

JN 

as we wanted to show. □ 

Let Pq = MqAqNq be a minimal parabolic subgroup, with given Langlands 
decomposition, and assume that P dominates Pq- Let Pi = Mi^iA^i be another 
parabolic subgroup dominating Pq. Let Pmi = P fl Mi = MmiAm^Nmi, where 

MM^ = Mr\Mi AM^=AnMi NM^=NnMi. 

Let (cr, be a Hilbert, square integrable representation of Mi, and let be its 
space of smooth vectors. Then, by the Casselman-Wallach theorem, there exist 
and injective intertwiner map 

where ^ is an irreducible, smooth representation of Mmi, and A e Lie(>lMi)c- The 
Casselman-Wallach theorem also imphes the existence of a map 

such that 

a^icj>)iv) = cl>ia{v)), 

for all e 7|° t; e V^. 

Lemma 2.5.2. Let and I^^x be as above, and let Xi = xIa^mi- Then for all 
where f — a{v). 
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Proof. Let (p G be such that 



\nm^ ^ L^{Nmi) n L'^{Nmi) and supp0 C O^^ is compact. 



Then 



= / XiW / (J|l,(0),Jf,(7r(n)-V))c^Xoc?n 

JNm, JNm, 



XiW / Xo(n)-^(J|°_,(0),J|°(/))(ixoC?n 
(C-a('^)'^^'a(/))- 



On the other hand, we know that for all v eV^ the map i->- W^'^{a'^{(f))){v) is in 
WhY^{I'^_^)■ Hence there exists fiy eV^ such that 

From this two equations we conclude that iiy = Jfxif), and hence 

as we wanted to show. □ 
Corollary 2.5.3. If {a,Va) is a square integrable representation of Mi, define 

by 

F^^,{<P) = W^^oJl_M- 
Then F^^^ has holomorphic continuation to all u e (cii)c. 

Proof Let 
and 



80 

be as before. Observe that a induces an intertwining map 

^ . JOO ^ JOG 

defined by a{f){g) = a{f{g)), for / G I^^, and a corresponding surjective map 

~T joo — > /°° . 

Let G f G V„. Then from lemma [2.5.21 

where / = a{v). Now, if we use the natural identification I-ki.^,u — I^,x+u, then the 
above equation becomes 

Observe that the right hand side has holomorphic continuation to all u. □ 
Definition 2.5.4. Define 

by 

Observe that if G U^^^^, then this definition is consistent with the previous 
definition of W^^^. Also observe that 

is injective. Furthermore, {W^^^f {{Indfjl^ W^^iV^))') C Wh^{I^_^). 

Proposition 2.5.5. The map ^0 extends to a P-equivariant isometry 

between and ^^^m^^.tv ^xi (^^)- 

Proof. The proof is completely analogous to the proof of 12.4.51 □ 
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We are now ready to state the main result of this section. Let Pq, P and Pi be 
as before. Let {a,H„) a square integrable, Hilbert representation of Mi, and set 



f is C°°, and f{mk) = a{m)f{k) 
for all m G Km^ := K (1 Mi 

Observe that as a K-module = for all u G (cii)^- Or, in other words, 
there is a family of representations {tt^,I^), v G (ai)'j- with the same underlying 
representation space. 

Let G Jo-, / G /cr, and let a : ia[ — > C be a smooth compactly supported 
function. For any g E G we will set 



where ^„ is the Plancherel measure. Then \E'(/, 0, a) G ^{G) [2H thm 12.7.7]. 
Proposition 2.5.6. If '^{f ,(j),a) G ^(G) is defined as above, then 



N 



Proof. Given Ai, A2 G a'^, set 

$(0, /, U,Xl,\2) 




X{n) ^{(f)^u+Xi{nim) , fi^+Xiinimn)) dmdui rf/i^(z/) dn. 

Observe that if Xi{aj) < for all i = 1, 2, aj G Ai), then $(0, /, z/, Ai, A2) < 

00, and this integral defines a continuous function that is real analytic if Xi{aj) < 
for all i = 1,2, aj G $(Pi,Ai) (recall that we are inducing from the parabolic 
opposite to Pi). Also observe that equation fl2.53p implies that 



N 



«l>(0,/,j/,O,O)= / xin) I «(z/)(0,7r.H-V). 
On the other hand set 



$(0,/,i.,Ai,A2)= / °W^.Va.(<^)(/)M^,^^)c? 



Then $ is analytic for Ai, A2. 
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If Xi{aj) ^ 0, for all i = 1,2, aj G $(Pi, Ai), then the following integrals are 
absolutely convergent, so we can change the order of integration in the next series 
of equations. 

X(n)"^(0_i,+Ai(nim), fu+x^{nimn)) dmdrii dfXaii^) dn 




II II ^{(t)-v+\i{nim), f^+x2{ninm))dndnidmdjji„{v) 

X{n^^n)~^{(f)_^+Xi{nim), f^+Xii^m)) dn drii dm diia{u) 




II 

-l( JX 



X{nm) {Jl_^+Xr{Ti{m)(p),a{n^)J^^^^^^{n{m)f))a{v)dn^dmdjia{i^) 



(lyxi o Jj_,^,^(7r(m)0), W^J^^,^Jn{m)f))a{u) dm dn, dptMdn 
{W^,.+^^mm),Wl_^^,^(f)(m))dmdi,,(u) 

T 



a{v){Wl_ mf)dfiM 

= $(0,/,i^,Ai,A2). 
Now, since $ and l» are analytic, $(0, /, v, 0, 0) = $(0, /, v, 0, 0), i.e., 

/ xH / a{v)^{^:.{n)-^f)d^x,{v)^ f a{u){Wl_y o W^^Mif) dl^A'^), 
as we wanted to show. □ 

2.6 The explicit Bessel-Plancherel theorem 

Let G be a simple Lie group of tube type. Let Po — MoAoNo be a minimal 
parabolic subgroup, and let P = MAN be a Siegel parabolic subgroup dominating 
Po- Let Pi = MiAiNi be another parabolic subgroup dominating Po. Let x be a 
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generic character of N whose stabihzer in M, M^, is compact. We will set 

NM.^NnMi, MMi=MnMi, Am, ^ An Ml, 
N!^^=NnNi, M^^=M^nPi. 

The purpose of this section is to prove the following theorem: 
Theorem 2.6.1. With notation as above, 

1. Let ((7, V^) he a square integrable representation of Mi, and let v e (cii)c- 
If {t,Ht-) is an irreducible representation of M-^, then VF/i^(/^^)(f) is finite 
dimensional, and for all v e (ai)c there exists an isomorphism 

where xi = x\nm,, n = t|m^i • 

2. As an M^N x G representation 

where ii is the usual Plancherel measure for G. 

3. Given a e C^°°(mi; Wh^^^rA^^) ® Hf), and f e , define 

caAg) = / ja;uH^))Mg)fv)dnaii^). 

J ia[ 

Thenc^je^{N\G;x)- 

We call this the explicit Bessel-Plancherel theorem as here, unlike the case 
for the generalized Bessel-Plancherel theorem, the multiplicities appearing in the 
decomposition are associated with finite dimensional vector spaces of interest in 
their own, and we also have explicit intertwiner operators. 

We will start this section by stating a version of Probenius reciprocity on which 
we will rely for the rest of the section. Although this result is well known, we will 
include a proof of it here as it will be useful to have at hand the explicit formulas 
for the isomorphism. 
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Let (r, Vr) be an irreducible representation of a compact group K, and let 
{a, Vo-) be a smooth, Frechet representation of a subgroup M G K. Let 

= {f : K — > K I / is smooth, and f{mk) = a{m)f{k) for all m G M}. 

We define a smooth Frechet representation, {I^,tt), of by setting 7c[k)f{k) = 
f{kk) for all k,k E K. Then we have the following result 

Lemma 2.6.2. With notation as above, there exists a canonical isomorphism 

Proof. Part 2 of theorem 11.4.11 says that, given A G Homx{I^ , there exists a 
unique fix G HoniMiVa, Vr), such that 

A(/)= / Tik)-'fi,ifik))dk, (2.58) 
Jm\k 

and the map X ^ fix defines a linear isomorphism between HomK{I^ ,Vr) and 
HomM{Vcr,Vr). This is enough to prove the lemma, but we would like to give a 
more explicit description of /x^- What it's clear is that, if for any /x G HomM{V^, Vr) 
and / G we set 

Am(/)= / r(A:)-V(/(^))rffc, (2.59) 



M\K 



then A^^ = A and /i^^ = /x. 
Given t> G set 



XT,vik) = / x^(mA;)cr(m) ^vdm. 



It's straightforward to check that G Furthermore, for all m G M 



XT,a{m)v{k) = / XT{'mk)a{m) ^a{m)vdm 



AI 



Xr{,'fn'fnk)a{m) v dm = j XT{,fnkm)a{m) v dm 
AI J M 

XT,vikTh) = {TT{m)Xr,v)ik). 
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Let dr be the dimension of Vr- Then from equation (I2.58p . 

KdTXT,v) = / T{k)~'^ ^x{drXr,v{k)) dk 

J M\K 
M\K J M 

M\K J M 
M\K Jm 

drXT{k)T{ky^Hx{v) dk = fix{v), 

K 

that is 

^IX{V) = KdrXr,v). (2.60) 

This is the formula that we wanted to obtain. □ 

Proposition 2.6.3. If{a,H„) is a square integrable, Hilbert representation of Mi, 
then Wh^,,rAVa) = W^,r{I^,,)- 

Proof. By Proposition 12.3.7] if (vr, H,^) is a square integrable, Hilbert representation 
of G, then 

W^iH^)if) = Wh^iV^)if). (2.61) 
On the other hand, by proposition 12.5.51 

Let W^-^^{Hcr) be the dual of W^-^{Hcr). Then, by Frobenius reciprocity. 



where the last equations follows from f l2.6ip and the definition of Wh-^^^T-^iVrj). □ 

We will now want to show that Wh^^r{I^^y) = M^^xi,n(^o-) ^- For this 

we will first need the following lemma. 
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Lemma 2.6.4. Consider the following commutative diagram: 

Si T i 
^ U' V ^ W ^ Q, 

where the two rows are short exact sequences. If S is an isomorphism, and T is 
infective, then T is an isomorphism. Furthermore there exists an isomorphism 
R : U — > U' that makes the whole diagram commute. 

Proof. The proof is a classical diagram chasing argument, and it's provided below, 
but the reader my want to amuse himself and do the diagram chasing by his own. 
We will first show that T is surjective. Let w' e W. Since P2 is surjective, there 
exists v' e V such that w' = P2{v'). Set ty = p2 o S''^{v') e W. Then 

T{w) = Top2 S-\v') = p'^iv') = w'. 

Since T was already injective by hypothesis, we conclude that T is an isomorphism. 
Now lei u & U and observe that 

p'2{S{pi{u))) = T{p2{p,{u))) = Q, 

since P2 ° Pi = 0. But now by the exactness of the bottom row, there exists a 
unique u' e U' such that p'i{u') — S{pi{u)). Set R{u) — u'. It's easy to check that 
this defines a linear map between U and U' that makes the diagram commute. 

Let u e U he such that R{u) = 0. Then S"^ op[o R(u) = = pi{u). Since pi is 
injective, this implies that u = 0. Since the only condition in u was that R{u) = 
we conclude that R is injective. 

Now let u' e U'. Then o p[(^u') = {T o p2 o S~^){p[{u')) = 0. Now since T 
is an isomorphism, we conclude that ^2(5'^^ o p'-^^(^u')) = 0. Hence there exists a 
unique u & U such that pi{u) — op[[u'), therefore 

p',{u') = Sop,{u)=p[{R{u)). 



Now since p[ is injective we conclude that R{u) = u', finishing the proof of the 
surjectivity of R and finishing the proof of the lemma. □ 



87 



Let {a, Ha) be an irreducible, square integrable, Hilbert representation of Mi, 
and let v G (cii)^- Let {t,Ht-) be an irreducible representation of M^. Given 
fj, e Wh^^^niVa) and / G I^^, define 

Ja:Uf^)if) = / xiny^Tirny^^{f{nm))dndm. 

Lemma 2.6.5. Let $(Pi, he the system of positive roots of Ai induced by Pi. 
Let B denote the Cartan- Killing form on q'^. Let fi G W^^xi.n(^) '^^^ / ^ ^^u- 
If Yie B{v,q) ^ for all a G ^{Pi^Ai)^, then the integral defining J^'Jl/^)!/) 
converges absolutely. 

Proof. The proof of this lemma is identical to the proof of lemma 11.3.41 □ 

Proposition 2.6.6. Let fi G Vr/i^^,^^ (V;) and f G I^^. The map v ^ j^;^{^)U') 
extends to a holomorphic map from (ai)^ to C. Furthermore 

is a linear bisection for all v G (cii)c- 

Proof. Let Q = PoCl Mi be a minimal parabolic subgroup of Mi. Let (^, V"g) be an 
irreducible finite dimensional representation of Mq, and let 5 G (oq fl mi) be such 
that there exists a surjective map from Iq^ ^ onto V^. Here Iq^ ^ = but we are 
including the parabolic subgroup from which we are inducing to avoid confusion 
with the several induced representations that we will use in this proof. Let W 
denote the kernel of this map. If z/ G (cii)^, then we have the exact sequence 

In this sequence the first arrow is given by the obvious homomorphism 5*1, given 
by Si{f){k) = f{k), since W C Iq^S' second arrow is given by S2{f){k) = 

S{f{k)). The point is that the total spaces and Si, S2 are independent of u. we 
therefore have the exact sequence 

(2.62) 
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We also have 

^0:^,5)^^0. (2.63) 
To simplify notation we will denote 'n'g^^^s by r}. Then we have that 

The isomorphism induced by this two isomorphisms is precisely jn,u = J?,r?+!/°$|^^'^^- 
We now want to show that j^,;/ induces a well-defined injective map between 
^hxi,ri{^Q,^,5)\w ^-nd Wh^^T-{I'p^ ^ ^ Jli:^ . To show that the induced map is 
well defined, we need to show that if // e ^^xi,n(-^Q^^,5)) l^\w — 0, then 
jv,i^{l^)\i'^ = 0. Let / G ^ J,- Then the map u i->- jr,,iy(//)(/) is holomorphic on 
i/. Let ReB{iy, a) > > 0. Then 

jr,,Mif)^ / x{n)~^r{m)~^n{f{nm))dndm^O, 

since f{nm) G W for all n G A^atj, G M^, and = 0. Since the map u 1— )■ 
jriM{^J'){f) is holomorphic on 1/ we conclude that ir,,v{lJ^){f) = for all u G (ai)c. 
Since / G I"^^ was arbitrary, we conclude that jr,,i, induces a well-defined map 
between W h^,,r,{I^^^,s)\w and W^/ix,r(^^,,Q_,_„J|/^^,^,^- 

Now we want to show that the map is injective. Assume that jr?,i^(A*) \if 
Let w G W. We will define a function on Up^^^^,, ^ ^"p^^u following way: 

given m G M^, and n G A^iVi we set 

f{nm) = (t>{n)xT,w{.'m), 

where G C^{Nn-^) is a function such that 

x{n)~^(l){n) dn — 1. 



/ 



Then 



= jv,Mif)= / / X{n) V(m) ^ii{f{nm))dndm 

/ x{'ny^T{m)~^ii{4){n)xT,w{rn))dndm 
T~^{m)n{xr,w{m)) dm = n{w), 
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according to the proof of lemma I2.6.2I But this says that fi{w) = for all w G 
W, i.e., fi\w = 0. Therefore the map jn.u is well defined and injective between 
^^xi,t-i{Iq^ 5)\w and Wh^^r{I'p^ ^ ^ ■ Therefore we are in the situation 

of lemma |2.6.4[ and hence we can define an isomorphism j^'J from Wh^-^^^riiVa) to 
Wh^^r{Ip^„^) such that if ReS(z/, a) > for all alpha in $(Pi, or / G Up^^^^^, 
then 

= / / x{n)~^^irny^ix{f{nm))dndm, 
and the map v H- jau{f^){f) is holomorphic in p. □ 

To prove the theorem given at the beginning of this section we just have to 
put together all the results we have obtained. More concretely, part 1 is just 
a restatement of proposition 12.6.61 Part 2 follows from part 1, the generalized 
Bessel-Plancherel theorem and propositions 12.6.3) and 1276.61 Finally, part 3 is just 
a restatement of proposition 12.5.61 



2. A Irreducible representations of Siegel Parabolic 
Subgroups 

Theorem 2.A.I. Let P be a Siegel parabolic subgroup of a Lie group G, and let 
P = MAN be its Langlands decomposition. If (vr, H) is an irreducible unitary 
representation of P, then 

H ^ Ind^^^ Tx with TeM^,x^N. 

Proof. As an N-module, we have that 

i/= [p^dM, 

J N 

where = ^ V^, G N, and is a multiplicity space. This means that 
there exists a vector bundle 

E 

; 

N 
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and a measure u on N, such that 

H - L'{N, E,u):={s:N^E\ s{x) e E^, [ \\s{x) f dv{x) < 00} 
under the action 

(7r(n) • s)(x) = X(n)s(x)- 

Under this isomorphism we can extend this action of N on L'^{N, E, v) to an action 
of P on the same space. 
Let m e M, and define 

i 
N 

to be the vector bundle such that E'^ — Ej^-x- Define a measure on N by 
Urn{X) — ^{'iTT' ' X) ior X C N a, measurable set 

and define 

T(m) : L\N, E, u) L^N, E^, uj 

by 

(r(m)s)(x) = {(j){m)s){m ■ x). 
We claim that T(m) is an isometry. Effectively 

Mm)s\\l = [\\{r{m)s){x)rduM) 
Jn 

\\{7r{m)s){m ■ x)\\'^ d^{m ■ x) 

N 

\\{n{m)s){x)r dM 

N 

= \\7r{m)s)r = \\sr, 

where the last equality comes from the fact that the action of P is unitary. Now 

if we define an action of N on L'^{N, E"\ u^) by 

(7rm-s)(x) =xWs(x), 
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then T(m) becomes an iV-intertwiner,that is, 

T{m){n{n)s){x) = 7i{m)7i{n)s{m ■ x) 

— Ti{mnm~^){7r{m)s){m ■ x) 

— (m • x)("7.nm~^)(7r(m)s)(m • x) 
= x{rn~^mnm,~^m,){TT{m)s){m, ■ x) 

= X{n){r{m)s){x) = {nm{n)T{m)s){x). 

But now since N is a CCR group the A^-interwiner 

T(m) : L^N, E, u) L\N , , u^) 

should come from a morphism of vector bundles 

f(m) -.E^E"", 

that is, (T(m)s)(x) = f(m)s(x), and hence 

(T(m)s)(x) = f{m)s{x) 
(7r(m)s)(m-x) = f(m)s(x), 

which says that 

(7r(m)s)(x) = f(m)s(m~^ ■ x)- 

Now since L'^{N,E,v) is irreducible as a representation of P, the support of v 
should be contained in a unique P-orbit on iV, and hence 

L^N, E, u) ^ L\MA/M^, E) ^ Ind^^^ E^. 

Using again that LF'{N,E,v)\s irreducible we conclude that E^ = rx with r e M^, 
X e TV. Putting all of this together we get that 

i/^Ind^^^TX 

as we wanted to show. □ 
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2.B Decomposition of L^(P, drp) under the action 
of P X P 

We will now decompose -L^(P, drp) under the action oi P x P given by 

(Pi,P2) • / = S{pi)-^Lp^RpJ. 

As a left iV-module 

L\P) ^ Ind^Indf 1 ^Ind^(L2(iV)) 

- Ind^^i [ HS{V^)di^{x) 
Jn 



[lnd^HS{V^)dfi{x) = L\N,E,,i), 



with — HS{V^). The isomorphism is given in the following way: Given / e 
Cc(P), define Sf E L'^(N,E,u) by 



Sf{x){p)= / X{n) ^f{np)dn. 



Observe that ||/|| = ||sj|| and hence this map extends to an isometry between 
L2(P) and L'^{N,E,u). Furthermore 

Si?pi/(x)(p) = xin)~^Rpi.finp) dn = £ dn 
= Sf{x){PPi) = {RpiSf{x)){p), 



and 



SLpj{x){p) = / XH ^S{pi) ^LpJ{np)dn 
Jn 

x(n)"^5(pi)~V(pr^^PiPr^P) dn 
x{PinPi^)~^f{npi'^p) dn 



N 



N 



{Pi^x}{n) ^f{npi^p)dn 
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Therefore 



wen 



wen 



where u is the Plancherel measure of M^. 



wen -^^x 
wen "^^x 



2.C Temperedness of the spectrum 

Let G be a real reductive group and let K he a maximal compact subgroup. 
Let Po = NoAoMo be a minimal parabolic subgroup of G with given Langlands 
decomposition and let P = NAM be another parabolic subgroups dominating Po, 
i.e., Po C P, C A^o, ^ C Ao and Mo C M. Let x be a unitary character of N 
and let 



L\N\G;x)-<f-G^C 



f{ng) = xin)f\g), e N , g e G 
and j^^Q\f{g)\'^dNg < oo 



The measure on N\G is chosen so that if dg and dn are some fixed invariant 
measures on G and N, respectively, then 



f{ng)dnd{Ng)^ f f{g)dg 
Jg 



IN\G J N 

for all / integrable on G. Set Gc{N\G;x) equal to the space of all continuous 
functions on G such that f{ng) — x{i^)f{9) foi" sll n e N, g e G and such that 
^^1/(^)1 is inCe(7V\G). 

Lemma 2.C.I. Let Nm = (1 M , Am = Ao n M and Km = K n M. There is 
a choice of measures driM, duo, da and dm, on Nm, Ao, A and M, respectively, 
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such that if f e Cc{N\G), then 

/ f{g)dNg = a^^P'' f{amk)dkdmda (2.64) 

Jn\g J a Jm Jk 



'N\G 

~ / / 0,0'^'^ fi''^ma'ok)dk dtto dnM (2.65) 

Jnm J Ao Jk 

where p and pp are half the sum of the roots of [P, A) and [Po, Ao), respectively. 

Proof. Let pM be equal to half the sum of the roots of (Pa/, Am), Pm = -P H M. 
The lemma follows from the integral formulas of the Iwasawa decomposition of G 
and M and from the fact that p = pM + pp- □ 

Given / G L\N\G-x) define Mg)f){x) = f{xg). Then {n^, L\N\G; x)) is 
a unitary representation of G. We now state the main result of this section. 

Lemma 2.C.2. supp(7r;;^) is contained in the tempered spectrum of G. 



Proof. By the arguments given in chapter 14 of |24], it suffices to show that if 
/GCe(iV\G;x),then 

\{iiMfJ)\<Cfm (2.66) 

where S is Harish-Chandra's S function. Let -y E K and let Gc{N\G] x){l) be 
the 7-isotypic component of Gc{N\G;x)- Since the direct sum of the isotypic 
components is dense in Gc{N\G;x)7 suffices to take / G Gc{N\G;x){l)- Fo^' 
such an / define f{g) = sup{|/(^A;)| \ keK}. Then / G G^{N\G/K) and 

|(vr,(^7)/,/)|<rf(7)IK(^7)/,/)| (2.67) 



with 1 denoting the trivial character of N . Thus, to complete the proof we may 
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assume that x = 1 that f G Cc{N\G/K). With this assumptions 



\M9)fJ)\ 



f{xg)f{x) dx 



N\G 



Nm JAoJK 



^f{nM(iokg)f{nMaok)dkdaodnM 



< 



< 



K 



K 



Nm J Ao 



flo '^^ f (riMaokg) f (uMao) duo duM 



dk 



Nm J a. 



o-o '^''\f{nMaokg)\^ dtto duu 



1/2 



X 



Oo ^^[/(^Mflo)!^ dao dnu 



< 



Nm JAo 



K 



1/2 



dk 



1/2 



dk. (2.68) 



'^''\f{nMCiokg)\^ dao duM 

UNm JAo 

We will now write kg = no{kg)ao{kg)k{kg), with no{kg) G A^o, CLo{kg) G Ao and 
k{kg) G K. Then 

/{nMCiokg) = f{nMaono{kg)ao{kg)k{kg)) = f {nM{aono{kg)a~^)aoao{kg)) , (2.69) 
with ao'no{kg)a~^ G A^o- Now observe that No = N yi Nm and hence 



aono{kg)a^ = n{ao, k, g)nMiao, k, g) 



with n{ao, k,g) & N and nM(ao, g) G A^m- Plugging this into equation ( I2.69p we 
get that 

finuaokg) = f{nMn{ao, k, g)nM{ao, k, g)aoao{kg)) 

= f{{nMn{ao, k, g)nll)nMnM{ao, k, g)aoao{kg)) 
= f{nMnM{ao,k,g)aoao{kg)), 
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where the last equahty follows from the fact that nMn{ao, k, g)nj^l E N. Therefore 



K 



Nm J a 



«o ^^\f{nMaokg)\'^ da^ duM 



1/2 



dk. 



K UNm JAa 



o-o ^''IfinMriMiao, k, g)aoao{kg))\^ da^ duM 



1/2 



dk. 



K 



Nm JAo 

ao{kgY dk 



1/2 



a„ '^fao{kgfP\f{nMao)\^ dao dnM 

0'o'^''\finMao)\'^ dtto dnM 



207)11/11. 



Nm JAo 



dk. 

1/2 



(2.70) 



The lemma now follows from f ETBB]) . flTBTj) . i^M^ and fIZTU]) . 



□ 



Chapter 3 

Applications: Howe duality 



3.1 Howe duality and the relative Langlands pro- 
gram 

Let G be the set of i-points of a reductive algebraic group defined over a local 
field k. Associated to this group G we can find the dual group G, which is a 
complex reductive algebraic group, and its L-group ^G, which is a semi-direct 
product of the absolute Galois group of k with G. Let WD^ be the Weil-Deligne 
group of k. In their current form, the local Langlands conjectures establish that 
there is a natural finite to one correspondence between the sets 

Conjugacy classes of ] [ Equivalent classes of 

L-parameters ) < — > < Irreducible smooth 
(f) : — > ^G J representations of G 

Let be a subgroup of the L-group of G, and consider the set of L-parameters 
that factor through ^iJ. The natural question here is: What is the set of 
irreducible representations of G associated to this L-parameters? The general 
consensus is that there should be a subgroup, H G G, such that 

Irreducible representations 
< — > < of G with an H 

invariant functional 
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One can also ask the same question in the opposite direction: Given a subgroup 
H G G, satisfying certain properties, is there an C ^G such that we have a 
correspondence like the mentioned above? 

In recent years there has been a lot of progress in formalizing this ideas. For 
example, if X is a G-spherical variety, then Gaitsgory and Nadler [7] have defined a 
subgroup Gx, of the dual group G of G, that encodes many aspects of the geometry 
and the representation theory of the variety X. This result set into motion the 
so called "relative Langlands program", which aims to set a framework for the study 
of i7-distinguished representations of G. Building on this ideas, Sakellaridis and 
Venkatesh [20], have stated a conjecture that relates the harmonic analysis of the 
space L'^{X) with the group Gx- The ideal result in this direction is the following: 
Given a G-spherical variety X, we want to find a group Gx and a correspondence 

Q: AcGx ^G, 
between the unitary duals of G and Gx, with the following properties: 

1. If vr G A has L-parameter : WD^ — y ^Gx, then G(7r) has L-parameter 
io (j) : WD^ — y ^G, where i is the natural inclusion of ^Gx into ^G. 

2. We have the following spectral decomposition: 

L2(X) = / M(7r) ® 0(7r)rf^(7r), 

where /i is the Plancherel measure of Gx restricted to A, and M{tt) is some 
multiplicity space. 

We will consider the following classical example to illustrate this ideas. Let 

X = ^"-^ = 0{n - 1, M)\0(r2, M), 

where S"""^ is the {n — l)-th sphere, and 0{n, M) is the group of n x n orthogonal 
matrices. We want to understand the decomposition of L^(S'"~^) under the natural 
action of 0{n, M). 

Let C\ Xi, . . . , Xn] be the space of complex valued polynomials in n variables. 
This space has a natural action of 0{n,M.) and, from classical invariant theory, 

C[x,,...,Xn] = ^'H''®C[r% 

k>0 
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where = x1 + ■ ■ - x^^ and 

Ti'^ — {p{x) G C[xi, . . . , Xn] I degp{x) = k, and Ap = 0}. 

Here 

+ 



dx\ dx'^^ 

is the Laplace operator. The spaces 'H'^ are irreducible under the action of 0{n, M) 
and, if we restrict this polynomials to the unit circle, we can identify them with 
square integrable functions on S'^~^. The functions obtained this way are the 
so called spherical harmonics, and it's a classical result that 



fc>0 

Let 

d d 
h = E + n/2 = xi- h hxn- hn/2 

ox I OXn 

Then, an easy calculation shows that [h, e] = 2e, [h, /] = —2/ and [e, /] = h, i.e., 
5/(2, C) ~ Spanc{/i, e, /}. Observe that the action of this differential operators 
commutes with the action of 0(n, M). Furthermore, for all /c > 0, 

where -D^^„ is an irreducible, lowest weight representation of 5^(2, C) with lowest 
weight A; + |. This representation integrates to a discrete series representation of 
SL{2, R), the double cover of SL{2, M). 

Let A = {D+^„ I A; > 0} C {SL{2, M))^ and define 

Q:A — V 0(ri,R), 

by 
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Then, since the D 



are square integrable, it's clear that 



J A 



where fi is the Plancherel measure of SL{2, M). 

We will now describe a family of examples of this kind of correspondence where 
the space X is not a spherical variety. What this examples will show is that the 
ideas discussed here have applications beyond the spherical variety setting. To 
construct this examples we will use Howe's theory of dual pairs. 

Let 5*^(^,1^) be the double cover of the symplectic group Sp{n,M.). There is 
a special representation of ^^(n, M) on L^(]R"') called the oscillator representation 
|10| . Let 6*1,6*2 C Sp{n, M) be two reductive subgroups. We say that they form a 
reductive dual pair if one group is the centralizer of the other one in Sp{n, M) and 
viceversa. In this case Howe duality theory states that, if we restrict the oscillator 
representation to the subgroup generated by Gi and G*2, then 



for some measure /i, where Q{tt) is an irreducible representation of G*2- Even more. 



We will focus on the dual pair Sp{m, M) x 0{p, q) C Sp{m{p + g), M). Let's start 
with the case m = 1. In this case, Howe has shown that, if p, g > 2, 



where /x is the Plancherel measure of Sp{m,'R), and 

Wh^{7v) = {A : K ^ C I X{n{n)v) = x(n)A(f ) for all n G A^}, 

for some generic character x of the unipotent radical, A^, of some minimal parabolic 
subgroup P = MAN. On the other hand, Wallach Pl] has shown that 
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where 

I /Ar\sl(2,«)l/(9)r<'^9<'^ 

In other words the Plancherel measure of L^(0(p, g — l)\0{p,q)) can be seen as 
the pullback, under the 0-hft, of L\N\SL{2, M); x)- 

We will now consider the dual pair Sp{m, M) x 0(p, q) C 5'p(m(p + g), M), with 
m > 1. We will assume that we are in the stable range, that is, p,q > m. Let 
P — MAN be a Siegel parabolic subgroup with given Langlands decomposition. 
Let X be a generic character of N. In this case generic means that the orbit of x 
in N under the action of M is open. Let 

— {m e M I x(m~^nm) = xl?^)} 

be the stabilizer of x in Then there is a natural action of x G on 

L'^{N\Sp{m,Ry,x) = If ■ '^(m,M) — y C 



Theorem 3.1.1. As a x G-module 




f{ng) = x{n)f{g) and 



L\N\Sp{m,B)-x)= W^^r{T^)®f®T:du{T)dn{'K), 



where fi, v, are the Plancherel measures of Sp{m, M) and respectively, and 
^x,T-{^) some multiplicity space that depends on x O'fid r. Furthermore, if 
is compact, then W^^ri''^) = Wh^^ri''^), where 

Wh^^riT^) = {A : — y Vr \ X{7r{mn)v) = x{n)T{m)X{v) for all m e M^, n G N}. 

The purpose of this chapter is to use the exphcit formulas for the action of 
P X G on the oscillator representation and this result to show that 

Theorem 3.1.2. If r + s — m, then there exists a generic character, Xr,s, of N 
such that 

L\0{p-r,q-s)\0{p,q))^ [ [ W;,,.,,,(7r) ® f ® tt cii/(r) d/x(7r). 
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3.2 Howe Duality for the Symplectic and the Or- 
thogonal Group 

Consider the dual pair {Sp{m,M.) , 0{p, q)) C Sp{mn,'R), with n = p + q, and 
P ^ q ^ 2m. The last condition asserts that we are in the stable range. Let 
P = MN be the Siegel parabolic subgroup of Sp{m, M) with given Langlands 
decomposition. In the theory of the oscillator representation there are very explicit 
formulas for the action of P x 0{p, q) on ^^(M™") P HEl HH HE] . To simplify the 
exposition we will only consider the case where n is even. The case n odd is very 
similar, but involves taking a double cover of Sp{m, R). To write down the explicit 
action on the oscillator representation we will identify M™" with Hom{W^,W^), 
and we will fix a unitary character of M. The action is then given by 



V^(trXT%,,T)(/.(T) (3.1) 

\detA\^ip{TA), AeGL{m,R) (3.2) 
<f{g-'T), geO{p,q), (3.3) 





' I x' 




( 




■') 




I 




" A 






A-' _ 







where T G if om(]R™', M"). Using this formulas we will describe L^(ifom(M™, M")) 
clS db representation of P x 0{p,q). Let 



U = {T e Homi) 



T is of maximal rank and the inner 
product on T(W^) is non-degenerated 

Observe that U C if om(M™', M") is open, dense, and its complement has mea- 
sure 0. Let r, s > be a pair of integers such that r + s = m, and define 



Ur^^ = {T eU\ r(M'") has signature (r, s)}. 



It's then clear that 



and hence 



U 



U 



r+s=m 



L2(iiom(M''",R")) ^ L\Ur,s)- 



(3.4) 



r+s=m 
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By looking at the formulas for the action of P x 0{p,q) on L^(i7om(R™, R")), it 
is easy to check that the subspaces L?{Ur-^s) are P x 0{p,q) invariant. 

We will now describe L?'{Ur,s) as a P x 0(p, g)-module. Let T^.s € Ur,s be given 
by Ty^s^i = Cp^r+ii and define a character Xr,s on N by the formula 

= ^(trXT* Jp,,T,,,) = V(trX/,,,). 

Let 

Mr^s = {meM\ Xr,s{'mnm~^) = Xr,s(^)} 

be the stabilizer of Xr,s in M. We will now identify M with G'L(m,]R). Observe 
that then M^ ,. gets identified with 0{r,s). On the other hand we can define an 
embedding of 0{r,s) x 0{p — r,q — s) into 0{p, q) by identifying 0{p — r,q — s) 
with the subgroup of 0{p,q) that fixes every element in the image of Tr^s, and 
0{r,s) with the subgroup that fixes every element in the orthogonal complement 
of the image of T^^s- With this identifications in mind, let Hr.s be the stabilizer 
of Tr^s in M X 0{p,q). Observe that there is a subgroup, that we will denote 
by AO(r, s), of Hr,s such that AO(r, s) C 0(r, s) x 0(r, s) C M x 0{p,q), and 
Hr^s = (AO(r, s) X 0{p-r,q- s))N. Then from equations ^1^, Q and (K3\f 
we have that 

^ 1 6?) 1 6?) V 

- ina^^Q(^^^-,^Q(p_^^g_^^jjy 1Q9 LQS Xr,s 

= lnd^^,^,)^L\0{p-r,q-s)\0{p,q))(^Xr,s, (3.5) 

where 0{p, q) acts on the right on LF'{0{p — r,q — s)\0{p, q)) and 0{r, s) acts on 
the left. Then, from equations (13.41) and (13.51) . 

L\Hom{W-,m^))^ IndS(,,,)^L2(0(p-r,g-s)\0(p,g))®Xr,.. (3.6) 

r+s=m 

Now we will describe the mixed model of the oscillator representation. Observe 
that, since p, q > 2m, there exists a polarization R" = X (BU (BY such that X and 
Y are totally isotropic complementary subspaces, and dim X = dim Y = 2m. Let 
B = Stabx = {g e 0{p, q)\gX G X} be the stabihzer of X, and let B = MbNb 



Xr 



I X 

I 
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be its Langlands decomposition. We will now describe the mixed model of the 
oscillator representation relative to the polarization R" = X © f/ © F. Observe 
that M™" = M^™ (g) © © M"-4m^ Identifying M^™ ^ and R'" © ^n-Am 
with i?n(i(R2™') and /7om(R™, R"""^™), respectively, we have that 

where we interpretate L'^{End{M.'^"^))^L'^{Ho'm{M."^, R""^*")) as the space of square 
integrable functions on End{M?"^) with values in LF'{Hom{W^ , R"~'^™)). Now iden- 
tifying Mb with GL(2m, R) x 0{p - 2m, g - 2m) = GL{X) x 0(f/), we have that 
the action of Sp{m, R) x Mb is given by 

{A ■ (j)){T){S) = \det A\-'^(f){A-^T){S) A e GL{2m,R) (3.7) 
{h-<p){T){S) = <l>{h-'T){S). (3.8) 
{g-<P){T)iS) = [cu{g)<PiTg)]iS) g E Spim,R), (3.9) 

where T G Enc/(R2™), 5 G i/om(R'", R""^™), and (w, L2(i7om(R'", R""^™)) is 
the oscillator representation associated to the dual pair {Sp{m,M.),0{U)). Now 
observe that GL{2m, R) C EndCE."^"^) is open, dense, and its complement has mea- 
sure 0. Therefore, if ^ End{M.'^"^) is the identity map, then as a Sp{2m, R) x 
G'L(2m,R)-module, 

L2(R"'") ^ /n4^f;;;'^)^^^('™'^h©L2(iJom(R'",R"-^"^)) 



= / TT © /n4p/^';f vr* © L2(i7om(R™, R""^™)) d/i(7r), 

where /x is the Plancherel measure of Sp{m,M.). Hence, from the abstract theory 
of Howe duality, 

L\R'^^)\p,oip,,) = I vr|p © e(7r) d/x(7r). (3.10) 

In the stable range the representation G(7r) has been determined by the work of 
Jian-Shu Li [T2] among others. We are thus left with the problem of decomposing 
an irreducible tempered representation of Sp{m, R) when restricted to P. 

Now let's look at L'^{Sp{m,R)) as a P X Sp{m, R)-module. We claim that we 
have an isomorphism 

L^{Sp{m,R)) ^ L'^{N,E,X), 



105 



where E is & measurable bundle over N with fibers = Indj^ ' x for any given 
X e /V, and A is a Haar measure on N. The isomorphism is given in the following 
way: Given / e L\Sp{m,R)), define s/ e L\N,E,X) by 

Sfix)i9)= / Xiny^fing)dn, 

J N 

where dn is the usual Lebesgue measure on N . The way we should interpret the 
above formula is that we have an isomorphism L'^(Sp(m, R)) = Ind^^^"*''^^ Indf^ 1 = 
IndJ^^*"'^^ L2(iV), and in the last expression we take the Fourier transform on 
L'^{N). With this convention the measure A on TV is the measure dual to dn. Now 
by definition 

SRgj{x){g) = / x{n)-^RgJ{ng)dn= / x{n)'^ f{nggi) dn 
Jn .In 

= Sf{x){99i) = {RgiSf{x)){9) 



and 



Sip/(x)(f) = / XN ^Lpf{ng)dn^ / xH V(P ^^PP ^i/) 

= / x{pnp~^)~^S{p)f{np~^g)dn 
Jn 

= [ {p-\){n)-H{p)f{np-^g)dn 
Jn 

= 5(p)s/(p"^x)(p"^^) = [^ip)LpSf{p~^x)]{9), 

where 5 is the modular function of P. This means that the action of P x Sp{m, R) 
on L'^{N, E, rf) is given by a vector bundle action, and hence, if Q is the set of open 
orbits for the action of M on iV, then 

r+s=m 

where Qr,s is the orbit of the character Xr,s defined before. Therefore 

L\Sp{m,R)) ^ L\N,E,X) 

~ (T^ J ,Px5p(m,R) J ,5p(m,R) 
— \n ^'^^Mr,sNxSp(m,R) N Xr,s 
r+s=m 



r+s=m 
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But, then according to equation (I2.57p . 

L\Sp{m,R))^ Ind^,^^^ / [ W^^^^A^) ® r* ^ n dv{T)dfirA'^), 



r+s=m 



'5p(m,R)^ JO{r,s)^ 

(3.11) 

where rj is the Plancherel measure of 0(r, s) and fir,s is the Bessel-Plancherel mea- 
sure. On the other hand, the Harish- Chandra Plancherel theorem says that 

L\Sp{m,R))= I 7T*\p^7Tdfi{7T). (3.12) 

Now from equations fl3.12p and (13. lip we conclude that 

vr1p= / l^^.,,,.(vr)®Ind^,^^r*rfr/(r). (3.13) 

„ ,71™ JO{r,s)^ 



r+s=m 



From this and equation fl3.10p we have that 

L^{Hom{Mr,W)) ^ [ n*\p(g)e{n*)dfi{7r) 

0e{n*)dri{r)dfir,s{n). (3.14) 
But then, from this and equation (13.60 . we have that as an 0(r, s) x 0{p, g)-module 
L\Oip-r,q-s)\Oip,q))^ [ [ l^^,,,,.(7r)®r* ®e(7r*) c?r7(r) rf/i,,,,(7r). 

3.3 The Dual Pair (5L(2,M), 0{V)) outside stable 
range 

The results obtained in the former section can be further refined when we 
restrict ourselves to the case n = 1, i.e., to the dual pair (S'L(2,]R), 0{V)). 

3.3.1 The case 0{V) = 0{n) 

From classical invariant theory we know that as an SL{2,'R) x 0(n)-module 



k>0 
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where are the harmonic polynomials of degree k, and 5/(2, M) acts via the 
operators 

e = rV2 / = -A/2, h^E + n/2 

where E is the Euler operator. 

In this case the ^-correspondence relates the irreducible representations of 0{n) 
on H*^ with the irreducible representations of SL{2, M) with lowest weight k + n/2. 

3.3.2 The case 0{V) = 0{p, 1) 

We will now consider the dual pair (5'L(2, R), 0(p, 1)). Once again we will 
only consider the case where n = p + 1 is even, and leave to the reader the 
modifications needed for the case where n is odd. Let P = MN C SL{2, M) be 
the minimal parabolic subgroup consisting of all upper triangular matrices, with 
given Langlands decomposition. Let {ei, . . . , e„} be the canonical basis of M", and 
assume that we have an inner product (, ) such that (cj, ej) = if i ^ j, (cj, e^) = 1 
for 1 < i < p, and {en,en) = —1. Then the oscillator representation associated 
to the dual pair (5'L(2, R), 0(p, 1)) can be realized on the space L^(M"), and the 
action of P x 0(p, 1) is given by the following formulas: 

■^^{v) = il;{x{v,v))f{v) VxeR, (3.15) 

•(^j(v) = |A|"/V(A^;) VAeR*, (3.16) 

{9-ip){v) = ip{g-\) V^eO(p,l), (3.17) 

where v e R". Let U — {v e R"- \ {v,v) ^ 0}. Then U is open, dense, and 
its complement has measure 0. Observe that U — U+\J U^, where U+ — {v E 
R" I {v, v) > 0} and C/_ = {v e R" | {v, v) < 0} . Hence 

L2(R") ^ L^iU+) e L2(C/-). (3.18) 

We will identify 0{p, R) with the subgroup of 0{p, 1) that fixes e„, 0(p — 1, 1) with 
the subgroup of 0(p, 1) fixing ei, and 0(1, R) with the center of SL{2, R). We will 
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also set iJ+ = Stabe^ and H = Stahe^. Then, putting everything together, we get 
that 

= /nrfS(i,M);v^'(0(p-l,l)\0(p,l))®x, (3.19) 

and 

= Ind^imNL\0{p, R)\0(p, 1)) ® X, (3.20) 

where 




Va; e R. 



Now we will describe the mixed model for the oscillator representation associ- 
ated to a complete polarization R" = X(BU(BY. Observe that dimX = dimF = 1. 
Let B = Stabx = {g ^ 0{p, 1) | ^fX C X}, and let B = MbNb be a Langlands 
decomposition. Observe that Mb = R* x 0{p - 1,R), where M* = M - {0}. 
Since M" ^ © Rp~\ we can identify L'^{W) with L'^{R'^) ® L^{Rp-^), which 
we interpretate as the space of square integrable functions on R^ with values on 
L'^{RP^^). With this conventions the action of SL{2,R) x Mb is given by the 
following formulas: 

{X-(j)){{x,y)){v) = \X\-^(f){X-^x,X-^y){v) for A G R*, (3.21) 
(/i-0)((x,y))(i;) = ^{{x,y)){h-'v) ioT heO{p-l,R), (3.22) 
{g-<j)){{x,y)){v) = [iOp^^{g)<p{{x,y)g)]{v), for (7 G 5L(2, R), (3.23) 

where x, y E R, v & R^^-*^, and {up^i, L'^{Rp^^)) is the oscillator representation 
associated to the dual pair (5L(2,R),0(p-l,R)). Now observe that R2 - {0} and 
R^^^ — {0} are open dense subsets of R^ and R^^^, respectively, and its complements 
have measure 0. From this observation, and equations ( 13.2ip . ( 13. 22^ and (13.23^ we 
have that as an S'L(2,R) x M^-module 
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where 



H 



X 



-1 



A 



A G M* ^ C SL{2,R) X R*. 



Let A{±1} be the subgroup of H whose projection onto M* is precisely {±1}- 
Then 



Ind 
Ind 



S'L(2,IR)xR*^2|^J]Jp-l^J 

5L(2,K)xM* 
HN 



X 



Ind^^^^yj^L'^{S^ 



X 



Ind'J'^'''^'x^ Indfii}L\S^'--') 



where S*^ ^ C ^ is the p — 2-dimensional sphere. From all this formulas it is 
immediate that 



L 



2/ia>n\ 



\PxO{p,l) 



7r|p ® ©(tt) dfi^{n) 



(3.24) 



5L(2J 



where /i^ is the Plancherel-Whittaker measure of L'^{N\SL{2,M.); x)- 

Finally, from the usual Plancherel-Whittaker theorem [24j we have that if 
(tt, if^) is a tempered representation of SL{2,'R), then 

7t\p = /rirf^(i,M)jvW^^x(^) ® X0^^c?S(i,R)7vW^M^) ® X- 
But then, from equations flXTSj) . IK19^ . f lCTj) and IK2^ . we have that 



L2(0(p-1,1)\0(p,1))- / Wh 

JSL{2,R)'^ 



.(tt) (g) ©(tt) di^^{n) 



and 



L2(0(p,M)\0(p,1)) 



5L(2,]E 



(3.25) 



(3.26) 



Observe that L'^{0{p, M.)\0{p, 1)) has no discrete spectrum. Effectively from equa- 
tion fl3.26p only the theta lift of a representation with a positive and a negative 
whittaker model can appear in the spectral decomposition of L'^{0{p,R)\0{p, 1)). 
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